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Elements of a Digital Communications System
o

Elements of a Digital Communications System

Source:
Transmitter:
Channel:
Receiver:

produces a sequence of information symbols b.
maps symbol sequence to analog signal s(t).
models corruption of transmitted signal s(t).

produces reconstructed sequence of information
symbols b from observed signal R(t).

Source

Transmitter

s(t)

Channel

R(t)

Receiver

b
—

Figure: Block Diagram of a Generic Digital Communications System
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Elements of a Digital Communications System
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The Source

» The source models the statistical properties of the digital
information source.

» Three main parameters:
> Source Alphabet: list of the possible information symbols
the source produces; also called Signal Constellation

> Example: A = {0, 1}; symbols are called bits.

> Alphabet for a source with M (typically, a power of 2)
symbols: e.g., A = {£1,£3,..., +(M—-1)}.

> Alphabet with positive and negative symbols is often more
convenient.

> Symbols may be complex valued; e.g., A = {£1, j}.
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> A priori Probability: relative frequencies with which the
source produces each of the symbols.
» Example: a binary source that produces (on average) equal
numbers of 0 and 1 bits has 7g = 7y = }.
> Notation: 7t, denotes the probability of observing the n-th
symbol.
> Typically, a-priori probabilities are all equal, i.e., 7 = ,?—,,
> A source with M symbols is called an M-ary source.
» binary (M = 2)
> quaternary (M = 4)
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Bit1 Bit2 Symbol

o o0 -3
0o 1 -1
1 1 +1
1 0  +3

Table: Example: Representing two bits in one quaternary symbol.
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» Symbol Rate: The number of information symbols the
source produces per second. Also called the baud rate R.

>

>
>
>

Related: information rate Ry, indicates number of bits
source produces per second.
Relationship: R, = R - logo(M).
Also, T = 1/R is the symbol period.
Note: for most communication systems, the bandwidth W
occupied by the transmitted signal is approximately equal to
the baud rate R,

W=~R
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Remarks

» This view of the source is simplified.

» We have omitted important functionality normally found in
the source, including

> error correction coding and interleaving, and
» Usually, a block that maps bits to symbols is broken out
separately.

» This simplified view is sufficient for our initial discussions.
» Missing functionality will be revisited when needed.
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The Transmitter

» The transmitter translates the information symbols at its
input into signals that are “appropriate” for the channel,
e.g.,
> meet bandwidth requirements due to regulatory or
propagation considerations,
> provide good receiver performance in the face of channel
impairments:
> noise,
> distortion (i.e., undesired linear filtering),
> interference.
» A digital communication system transmits only a discrete
set of information symbols.
» Correspondingly, only a discrete set of possible signals is
employed by the transmitter.
> The transmitted signal is an analog (continuous-time, p,
continuous amplitude) signal. MASON

uuuuuuuuuu

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Elements of a Digital Communications System
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lllustrative Example
» The sources produces symbols from the alphabet

A=1{0,1}.
» The transmitter uses the following rule to map symbols to
signals:
> [f the n-th symbol is b, = 0, then the transmitter sends the
signal

A for(n—1)T <t<nT
SO(t):{ 0 else( !

> If the n-th symbol is b, = 1, then the transmitter sends the

signal
A for(n—-N)T<t<(n-HT
si(t)=4 —A for(n— 3T <t<nT
0 else. Mo
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Symbol Sequence b= {1,0,1,1,0,0,1,0,1,0}

Amplitude
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The Communications Channel

» The communications channel models the degradation the
transmitted signal experiences on its way to the receiver.

» For wireless communications systems, we are concerned
primarily with:
> Noise: random signal added to received signal.
> Mainly due to thermal noise from electronic components in
the receiver.
» Can also model interference from other emitters in the
vicinity of the receiver.
> Statistical model is used to describe noise.
> Distortion: undesired filtering during propagation.
> Mainly due to multi-path propagation.
> Both deterministic and statistical models are appropriate
depending on time-scale of interest.
> Nature and dynamics of distortion is a key difference £
between wireless and wired systems. MASON
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Thermal Noise

> At temperatures above absolute zero, electrons move
randomly in a conducting medium, including the electronic
components in the front-end of a receiver.

» This leads to a random waveform.
» The power of the random waveform equals Py = kT W.
> k: Boltzmann’s constant (1.38 x 10723 Ws/K).
> Ty: temperature in degrees Kelvin (room temperature
=~ 290 K).
> For bandwidth W equal to 1Hz, Py ~ 4 x 10721 W
(=174 dBm).
» Noise power is small, but power of received signal
decreases rapidly with distance from transmitter.
> Noise provides a fundamental limit to the range and/or rate
at which communication is possible. Misas
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Exercise: Path Loss and Signal-to-Noise Ratio
» A transmitter emits a signal with:
> bandwidth W = 1 MHz
» transmitted power P; = 1 mW
> carrier frequency f; = 1 GHz
» During propagation from transmitter to receiver, the signal’s
power decreases; the received power follows Friis law:

2
C
P’_P"<4nfcd)

where ¢ = 3 x 108 m/s is the speed of light and d is the
distance between transmitter and receiver (in meters).
» Find:
> the power of the received signal P, for d = 10km
> the noise power Py in the bandwidth W occupied by the

» ) lled ianal-to-noi i NR
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Multi-Path

> In a multi-path environment, the receiver sees the
combination of multiple scaled and delayed versions of the
transmitted signal.
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Distortion from Multi-Path

» Received signal
“looks” very
different from
transmitted signal.

» Inter-symbol
interference (ISI).

» Multi-path is a very
serious problem

] for wireless

: : : : ; systems.

Amplitude
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Elements of a Digital Communications System

The Receiver

» The receiver is designed to reconstruct the original
information sequence b.
» Towards this objective, the receiver uses
> the received signal R(t),
> knowledge about how the transmitter works,
> Specifically, the receiver knows how symbols are mapped to
signals.
» the a-priori probability and rate of the source.
» The transmitted signal typically contains information that
allows the receiver to gain information about the channel,

including
> training sequences to estimate the impulse response of the
channel,
> synchronization preambles to determine symbol locations
and adjust amplifier gains. MASON

uuuuuuuuuu
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The Receiver

» The receiver input is an analog signal and it’s output is a
sequence of discrete information symbols.
» Consequently, the receiver must perform analog-to-digital
conversion (sampling).

» Correspondingly, the receiver can be divided into an
analog front-end followed by digital processing.

» Many receivers have (relatively) simple front-ends and
sophisticated digital processing stages.

> Digital processing is performed on standard digital
hardware (from ASICs to general purpose processors).

> Moore’s law can be relied on to boost the performance of
digital communications systems.
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Measures of Performance

» The receiver is expected to perform its function optimally.
» Question: optimal in what sense?
» Measure of performance must be statistical in nature.
> observed signal is random, and
> transmitted symbol sequence is random.
> Metric must reflect the reliability with which information is
reconstructed at the receiver.
» Objective: Design the receiver that minimizes the
probability of a symbol error.
> Also referred to as symbol error rate.
> Closely related to bit error rate (BER).
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Learning Objectives and Course Outline
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Learning Objectives

1. Understand the mathematical foundations that lead to the
design of optimal receivers in AWGN channels.
> statistical hypothesis testing
> signal spaces
2. Understand the principles of digital information
transmission.
» baseband and passband transmission
> relationship between data rate and bandwidth
3. Apply receiver design principles to communication systems
with additional channel impairments
» random amplitude or phase
> linear distortion (e.g., multi-path)
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Learning Objectives and Course Outline

Course Outline

» Mathematical Prerequisites
» Basics of Gaussian Random Variables and Random
Processes
> Signal space concepts
» Principles of Receiver Design
» Optimal decision: statistical hypothesis testing
» Receiver frontend: the matched filter
» Signal design and modulation
» Baseband and passband
» Linear modulation
» Bandwidth considerations
» Advanced topics

» Synchronization in time, frequency, phase
> Introduction to equalization Masss
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Mathematical Prerequisites
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Gaussian Basics
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Gaussian Random Variables — Why we Care

» Gaussian random variables play a critical role in modeling
many random phenomena.
» By central limit theorem, Gaussian random variables arise
from the superposition (sum) of many random phenomena.
> Pertinent example: random movement of very many
electrons in conducting material.
> Result: thermal noise is well modeled as Gaussian.
» Gaussian random variables are mathematically tractable.
> In particular: any linear (more precisely, affine)
transformation of Gaussians produces a Gaussian random
variable.
» Noise added by channel is modeled as being Gaussian.

» Channel noise is the most fundamental impairment in a
communication system.
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Gaussian Random Variables

» A random variable X is said to be Gaussian (or Normal) if
its pdf is of the form

px(x) = ;exp <_M> _

2702 202

> All properties of a Gaussian are determined by the two
parameters m and o?.

» Notation: X ~ N (m,c?).

» Moments:
EX] = [T, x-px(x)dx=m
E[X?] = [ x% px(x)dx=m?+c>
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Plot of Gaussian pdf’s
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Gaussian Basics
[ lelele]ele)

The Gaussian Error Integral — Q(x)

» We are often interested in Pr{X > x} for Gaussian
random variables X.

» These probabilities cannot be computed in closed form
since the integral over the Gaussian pdf does not have a
closed form expression.

» Instead, these probabilities are expressed in terms of the
Gaussian error integral

Q(x) = /oo Le_é dz.
x 2
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The Gaussian Error Integral — Q(x)

> Example: Suppose X ~ N (1,4), whatis Pr{X > 5}?

) _e)? .
PriX>5} = [5 e 22 dx substitute z = *51

= P e rdz=Q(@

N
3

ﬁ
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Exercises

> Let X ~ N (—3,4), find expressions in terms of Q(-) for
the following probabilities:
1. Pr{X > 5}?
2. Pr{X < —1}?
3. Pr{X?+Xx >2}?
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Bounds for the Q-function

» Since no closed form expression is available for Q(x),
bounds and approximations to the Q-function are of
interest.

» The following bounds are tight for large values of x:

1 ez ez
1— <Qx) < ——.
( ) Xvar = XV ar
» The following bound is not as quite as tight but very useful

for analysis
1
Q(x) < 56 7

» Note that all three bounds are dominated by the term e—é;
this term determines the asymptotic behaviour of Q(x).  MAS6N

nnnnnnnnnn
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Plot of Q(x) and Bounds

10°

Qx)
Tractable Upper Bound | ]
Tight Lower Bound
——— Tight Upper Bound
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Gaussian Basics
00000e

Exercise: Chernoff Bound

» For a random variable X, the Chernoff Bound provides a
tight upper bound on the probability Pr {X > x}.

» The Chernoff bound is given by

. E[e¥]

> Let X ~ N (0, 1); use the Chernoff bound to show that

Pr{X > x} =Q(x) < e ¥/?

ECE 630: Statistical Communication Theory
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Gaussian Basics
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Gaussian Random Vectors

> A length N random vector X is said to be Gaussian if its
pdf is given by
— 1 1 = 2N\T 1 —1/= —
g . — — (X - K - ,
Peli) = o exp (% — ) K12 7))
» Notation: X ~ N (M, K).

» Mean vector
— E[X] = / / %py (%) d

» Covariance matrix

K = E[(X — ) / / i) (% — i) pg (%)
> |K| denotes the determinant of K. faconae

nnnnnnnnnn

> K must be positive definite, i.e., ZTKZ > 0 for all Z.
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Gaussian Basics
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Exercise: Important Special Case: N=2
» Consider a length-2 Gaussian random vector with
I > 1 p .
m=0and K =c ) with |p| < 1.
0

> Find the pdf of X.
» Answer:

o 1 X2 — 20X X2 + X2
px(x>—mexp< 202(1 — 2)
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Important Properties of Gaussian Random Vectors

1. If the N Gaussian random variables X, comprising the
random vector X are uncorrelated (Cov[X;, Xj] =0, for
i # J), then they are statistically independent.
2. Any affine transformation of a Gaussian random vector is
also a Gaussian random vector.
> Let X ~ N(m, K)
> Affine transformation: Y = AX + b
> Then, Y ~ N(Am+ b, AKAT)
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Exercise: Generating Correlated Gaussian Random
Variables

> Let X ~ N (m, K), with

m=0and K = ¢? 10 .
0o 1

> The elements of X are uncorrelated.
» Transform Y = AX, with

A (V1)

» Find the pdf of Y. Masss:
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Random Processes — Why we Care
» Random processes describe signals that change randomly
over time.

» Compare: deterministic signals can be described by a
mathematical expression that describes the signal exactly
for all time.

> Example: x(t) = 3cos(2mfet + 1t/4) with f; = 1GHz.

» We will encounter three types of random processes in
communication systems:

1. (nearly) deterministic signal with a random parameter —
Example: sinusoid with random phase.

2. signals constructed from a sequence of random variables
— Example: digitally modulated signals with random
symbols

3. noise-like signals

» Objective: Develop a framework to describe and analyze

random signals encountered in the receiver ofa 3N
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Random Process — Formal Definition

» Random processes can be defined completely analogous
to random variables over a probability triple space
(Q,F,P).

» Definition: A random process is a mapping from each
element w of the sample space 2 to a function of time
(i.e., a signal).

> Notation: X;(w) — we will frequently omit w to simplify
notation.

» Observations:

» We will be interested in both real and complex valued
random processes.
> Note, for a given random outcome wy, X;(wp) is a

deterministic signal. P
> Note, for a fixed time ty, X, (w) is a random variable. MASSR

uuuuuuuuuu
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Sample Functions and Ensemble

» For a given random outcome wy, X:(wp) is a deterministic

signal.
% Each signal that that can be produced by a our random
process is called a sample function of the random process.

» The collection of all sample functions of a random process
is called the ensemble of the process.

> Example: Let ©(w) be a random variable with four equally
likely, possible values 2 = {0, %, 7, 3Z}. Define the
random process Xi(w) = cos(2mtfyt + O(w)).
The ensemble of this random process consists of the four
sample functions:

Xt(w1) = COS(27Tf0t) Xt(wg) = —Sin(27‘[f0t)
Xt(a)3) = — COS(27Tf0t) Xt(CU4) = sin(27‘£f0t) {oconce
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Probability Distribution of a Random Process

» For a given time instant ¢, X;(w) is a random variable.
> Since it is a random variable, it has a pdf (or pmf in the
discrete case).
> We denote this pdf as px,(x).
» The statistical properties of a random process are
specified completely if the joint pdf

is available forallnand t;, i=1,...,n.
> This much information is often not available.
> Joint pdfs with many sampling instances can be

cumbersome.
> We will shortly see a more concise summary of the p
statistics for a random process. MAS6N
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Random Process with Random Parameters

» A deterministic signal that depends on a random
parameter is a random process.
> Note, the sample functions of such random processes do
not “look” random.
» Running Examples:
> Example (discrete phase): Let ©(w) be a random variable
with four equally likely, possible values 2 = {0, 5, 7, 37” .
Define the random process X;(w) = cos(27tfyt + O(w)).
» Example (continuous phase): same as above but phase
©(w) is uniformly distributed between 0 and 27,
O(w) ~ UJ0, 27).
» For both of these processes, the complete statistical
description of the random process can be found.
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Example: Discrete Phase Process

> Discrete Phase Process: Let ©(w) be a random variable
with four equally likely, possible values Q = {0, Z, 7, 3 }.
Define the random process X;(w) = cos(27tfyt + O(w)).

> Find the first-order density py,(x) for this process.

» Find the second-order density Px,, X, (X1, x2) for this
process.

» Note, since the phase values are discrete the above pdfs
must be expressed with the help of §-functions.
> Alternatively, one can derive a probability mass function.
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Solution: Discrete Phase Process

» First-order density function:

[y

Px,(X) = Z(&(X — cos(27tfyt)) + 6(x +sin(27hyt) )+

O(x + cos(2mfyt)) + 6(x —sin(27tht)))

» Second-order density function:

Px, x, (X1, X2) = %(5(X1 — cos(2rtfyty)) - 6(Xx2 — cos(27thyts) )+
d(xy +sin(2rthyty)) - 6(x2 + sin(2mthytn))
d(xy 4 cos(2rthyty)) - 6(xo + cos(2rhyty)

d(xy —sin(2rmthyty)) - 6(x2 —sin(2mthty))

zzzzzz
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Example: Continuous Phase Process

> Continuous Phase Process: Let ©(w) be a random
variable that is uniformly distributed between 0 and 27,
O(w) ~ [0,27). Define the random process
Xi(w) = cos(2mtfyt + O(w)).

> Find the first-order density py,(x) for this process.

» Find the second-order density Px;, X, (xq, X2) for this
process.
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Solution: Continuous Phase Process

» First-order density:
px,(x) = — L
X /1 —x2

Notice that px,(x) does not depend on t.
» Second-order density:

for |x] < 1.

1

1
Px, x, (X1, Xp) =——F—="[5"
" /1 — X3 2

5(xy — cos(2mfy(ty — ta) 4 arccos(xz)))+
5(X1 — COS(27Tf0(t1 — tg) — arccos(Xz)))]

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Random Processes
[ee]elele] lele]

Random Processes Constructed from Sequence of
Random Experiments

» Model for digitally modulated signals.
» Example:
> Let X (w) denote the outcome of the k-th toss of a coin:

X(w) = {
> Let p(t) denote a pulse of duration T, e.g.,

1 for0<t<T
p(t)={ -

1 if heads on k-th toss
—1 if tails on k-th toss.

0 else.

» Define the random process Xi
Xt(w ZXk w)p(t—nT) Z
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Probability Distribution

» Assume that heads and tails are equally likely.

» Then the first-order density for the above random process
is

Px () = 3(6(x — 1)+ 5(x +1).

» The second-order density is:

5(X1 —Xg)p)(t1 (X1) ifnT <t,b< (n+ 1)T

pXt1 th (X1 ] X2) - { pXt1 (X‘] )pth (XZ) eISe

> These expression become more complicated when p(t) is
not a rectangular pulse.
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Probability Density of Random Processs Defined
Directly

» Sometimes the n-th order probability distribution of the
random process is given.
> Most important example: Gaussian Random Process
> Statistical model for noise.

> Definition: The random process X; is Gaussian if the

vector X of samples taken at times ¢4, .. ., t
Xi,
X=1 :
Xi,
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Second Order Description of Random Processes
» Characterization of random processes in terms of n-th
order densities is
> frequently not available
» mathematically cumbersome
» A more tractable, practical alternative description is
provided by the second order description for a random
process.
» Definition: The second order description of a random
process consists of the
»> mean function and the
> autocorrelation function
of the process.
> Note, the second order description can be computed from
the (second-order) joint density.
» The converse is not true — at a minimum the distribution Nf&%"dﬁ
must be specified (e.g., Gaussian). e
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Random Processes
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Mean Function

» The second order description of a process relies on the
mean and autocorrelation functions — these are defined
as follows

» Definition: The mean of a random process is defined as:

[ee]

X'pXt(X) ax

EX] = mx(t) = [

» Note, that the mean of a random process is a deterministic
signal.

> The mean is computed from the first oder density function.
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Autocorrelation Function

» Definition: The autocorrelation function of a random
process is defined as:

Rx(t,u) = E[X;Xy] = /_ /_ Xy - px.x,(X,y) dx dy

» Autocorrelation is computed from second order density
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Random Processes
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Autocovariance Function

» Closely related: autocovariance function:

Cx(t,u) = E[(Xt — mx(1))(Xy — mx(u))]
= Rx(t, u) — mx(t)mx(u)
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Exercise: Discrete Phase Example

» Find the second-order description for the discrete phase
random process.

> Discrete Phase Process: Let ©(w) be a random variable
with four equally likely, possible values 2 = {0, Z, 7, 31 }.
Define the random process X;(w) = cos(27tfyt + O(w)).
> Answer:
> Mean: my(t) = 0.
> Autocorrelation function:

Ry(t,u) = %cos(2nf0(t — ).
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Exercise: Continuous Phase Example

» Find the second-order description for the continuous phase
random process.
> Continuous Phase Process: Let ©(w) be a random
variable that is uniformly distributed between 0 and 27,
O(w) ~ [0,27m). Define the random process
Xi(w) = cos(2mtfyt + O(w)).
> Answer:
> Mean: mx(t) = 0.
> Autocorrelation function:

Ry(t,u) = %cos(ano(t— u).
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Random Processes
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Properties of the Autocorrelation Function

» The autocorrelation function of a (real-valued) random
process satisfies the following properties:

. Rx(t,t)>0

. Bx(t,u) = Rx(u, t) (symmetry)

- |Rx(t.u)| < 3(Rx(t 1) + Rx(u,u))

- [Rx(t u)]? < Rx(t,t) - Rx(u, u)

A WD =

© 2018, B.-P. Paris
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Random Processes
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Stationarity

» The concept of stationarity is analogous to the idea of
time-invariance in linear systems.

> Interpretation: For a stationary random process, the
statistical properties of the process do not change with
time.

» Definition: A random process X; is strict-sense stationary
(sss) to the n-th order if:

pX[1 ..... X[n (X1 1 Xn) = pXt1+T ..... th+T(X1 1oy Xn)
forall T.
» The statistics of X; do not depend on absolute time but only
on the time differences between the sample times. Misas
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Random Processes
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Wide-Sense Stationarity

> A simpler and more tractable notion of stationarity is based
on the second-order description of a process.
» Definition: A random process X; is wide-sense stationary
(wss) if
1. the mean function my(t) is constant and
2. the autocorrelation function Rx (¢, u) depends on t and u
only through t — u, i.e., Rx(t,u) = Rx(t — u)
» Notation: for a wss random process, we write the
autocorrelation function in terms of the single
time-parameter T =t — u:

R)((t, U) = Rx(t— U) = Rx(T).
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Random Processes

Exercise: Stationarity

> True or False: Every random process that is strict-sense
stationarity to the second order is also wide-sense
stationary.
> Answer: True

» True or False: Every random process that is wide-sense
stationary must be strict-sense stationarity to the second
order.

» Answer: False

» True or False: The discrete phase process is strict-sense

stationary.
> Answer: False; first order density depends on t, therefore,
not even first-order sss.

» True or False: The discrete phase process is wide-sense
stationary. P

» Answer: True MAS6N
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White Gaussian Noise

» Definition: A (real-valued) random process X; is called
white Gaussian Noise if
» X; is Gaussian for each time instance ¢
> Mean: my(t) = 0 for all ¢
> Autocorrelation function: Ry (1) = %Qd(r)
>

White Gaussian noise is a good model for noise in
communication systems.
Note, that the variance of X; is infinite:

v

Var(X;) = E[X?] = Rx(0) = %5(0) = co.

> Also, for t # u: E[X;Xy] = Rx(t,u) = Rx(t—u) =0.
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Integrals of Random Processes

> We will see, that receivers always include a linear,
time-invariant system, i.e., a filter.

> Linear, time-invariant systems convolve the input random
process with the impulse response of the filter.

> Convolution is fundamentally an integration.
» We will establish conditions that ensure that an expression
like .
Z(w) = / Xi(w)h(t) ot
a

is “well-behaved”.
> The result of the (definite) integral is a random variable.

» Concern: Does the above integral converge?
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Mean Square Convergence

» There are different senses in which a sequence of random
variables may converge: almost surely, in probability,
mean square, and in distribution.

» We will focus exclusively on mean square convergence.

» For our integral, mean square convergence means that the
Rieman sum and the random variable Z satisfy:

» Given € > 0, there exists a 4 > 0 so that

Zj: Wtk —tk—1)—2) | <e

with:
> a=fh<h<---<th=b
> ot ST < B

Z
> 5= maxk(tk — tx_1) MASON
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Mean Square Convergence — Why We Care
> |t can be shown that the integral converges if

b b
L[] it pmtonw) draa < o

> We will see shortly that this implies E[|Z|?] < co.

» Important: When the integral converges, then the order of
integration and expectation can be interchanged, e.g.,

E[Z] :E[/abXth(t) ] :/:E[Xt]h(t) dt:/abmx(t)h(t) ot

» Throughout this class, we will focus exclusively on cases
where Rx(t, u) and h(t) are such that our integrals P
converge. MASON
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Exercise: Brownian Motion

» Definition: Let N; be white Gaussian noise with % = 02,

The random process
t
Wt:/ Nsds fort>0
0

is called Brownian Motion or Wiener Process.

» Compute the mean and autocorrelation functions of W;.
» Answer: my(t) = 0 and Ry (t, u) = c®min(t, u)
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Integrals of Gaussian Random Processes

» Let X; denote a Gaussian random process with second
order description mx(t) and Rx(t, s).

» Then, the integral
b
Z= / X(H)h(t) ot
a

is a Gaussian random variable.
» Moreover mean and variance are given by

n=El2) = /a mx()h(t)
2

VarlZ) = E[(Z — E[Z)}Y] = El( [ (% ~ mi(0)(t) o) |

—// Cx(t, u)h(t)h(u) dt du MAgoR

nnnnnnnnnn
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Jointly Defined Random Processes

> Let X; and Y; be jointly defined random processes.
> E.g., input and output of a filter.
» Then, joint densities of the form py,y,(x, y) can be defined.

» Additionally, second order descriptions that describe the
correlation between samples of X; and Y; can be defined.
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Crosscorrelation and Crosscovariance

» Definition: The crosscorrelation function Rxy (¢, u) is
defined as:

Rxy(t,u) = E[X;Y,] = /_N/_ Xypxv, (X, y) dx dy.

» Definition: The crosscovariance function Cxy(t, u) is
defined as:

Cxy(t,u) = Rxy(t, u) — mx(t)my(u).

» Definition: The processes X; and Y; are called jointly
wide-sense stationary if:
1. ny(t, U) = ny(t — U) and
2. my(t) and my(t) are constants. Masss
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Filtering of Random Processes

Filtered Random Process
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Filtering of Random Processes

» Clearly, X; and Y; are jointly defined random processes.
» Standard LTI system — convolution:

Y, = / h(t — o)X, do = h(t) * X;
» Recall: this convolution is “well-behaved” if

/ Ry (o, v)h(t — o) h(t — v) do dv < oo

» E.g.: [[ Rx(c,v)dodv < coand h(t) stable.
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Second Order Description of Output: Mean
» The expected value of the filter's output Y} is:
E[YV] = | /h (t— o)X, do]
= /h (t—0o)E[X;] do
= /h(t —o)mx(o) do
> For a wss process X;, mx(t) is constant. Therefore,
E[Y,] = my(t) = mx/h(cr) do

is also constant.

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Filtering of Random Processes
00000

Crosscorrelation of Input and Output
» The crosscorrelation between input and ouput signals is:

Ry (t, u) = E[X;Yy] = E[x,/h(u—a)xo. do
— / h(u— o)E[X:X,] do
:/h(u—U)RX(t,cr)dcr
» For a wss input process
Ry (t,u) = /h(u—a)RX(t, o) do = /h(v)FZX(t,u—v) dv

— /h(v)RX(t— u+v)dv = Rxy(t—u)

> Input and output are jointly stationary.
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Autocorelation of Output
» The autocorrelation of Y; is given by

Ry(t,u) = E[Y;Y,] = E| /h(t—a)nga/h(u—v)Xv dv]

—//h (t—o)h(u—v)Rx(o,v)dodv
» For a wss input process:
v(t, ) =/ h(t — o)h(u — v)Rx (0, v) do dv
://h(A V(A — ) Bx(t— At — A+ ) dA dy
—//h h(A — 9)Rx(t — u—) dA dy = Ry(t — u)

> Define Rpy(y fh(A (A=) dA = h(A) * h(=A). -
» Then, Ry f Rh ’)/)Rx(T— )d’)f = Rh(T) * R)((T) ...... ON
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Exercise: Filtered White Noise Process

» Let the white Gaussian noise process X; be input to a filter
with impulse response

e fort>0

hlt) = e_atu(t) - {O fort <0

» Compute the second order description of the output
process Y;.
> Answers:
> Mean: my =0
> Autocorrelation:
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Power Spectral Density — Concept

» Power Spectral Density (PSD) measures how the power
of a random process is distributed over frequency.
> Notation: Sx(f)
» Units: Watts per Hertz (W/Hz)
» Thought experiment:
> Pass random process X; through a narrow bandpass filter:
> center frequency f
> bandwidth Af
> denote filter output as Y;

» Measure the power P at the output of bandpass filter:
1 T2 »
P= 7_|an0 T /_T/z Vil dt
> Relationship between power and (PSD)

P ~ Sx(f) - Af. Msas
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Relation to Autocorrelation Function

» For a wss random process, the power spectral density is
closely related to the autocorrelation function Rx (7).

» Definition: For a random process X; with autocorrelation
function Rx (), the power spectral density Sx(f) is defined
as the Fourier transform of the autocorrelation function,

[ee]
Sx(f) = [ Ru()e® " dr.
> For non-stationary processes, it is possible to define a

spectral represenattion of the process.
» However, the spectral contents of a non-stationary process
will be time-varying.
» Example: If N; is white noise, i.e., Ry(7) = %(5@), then

/GEOHGE
Sx(f) = % for all f MAS6N
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Properties of the PSD

» Inverse Transform:

Rx(t) = / N Sx(f)e 12T df.

» The total power of the process is

(o]
E[|X,|2] = Rx(0) = / Sx(f) df.
» Sx(f) is even and non-negative.
» Evenness of Sx(f) follows from evenness of Rx (7).
> Non-negativeness is a consequence of the autocorrelation
function being positive definite

/7°° /j" f(t)f*(u)Rx(t u) atdu = 0

for all choices of f(-), including f(t) = e /21, Masos
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Filtering of Random Processes

» Random process X; with autocorrelation Rx(7) and PSD
Sx (f) is input to LTl filter with impuse response h(t) and
frequency response H(f).

» The PSD of the output process Y; is

Sy(f) = |H(F)[*Sx(f).

> Recall that Ry (t) = Rx(7) * Ch(1),
> where Cp(t) = h(7) * h(—T).
» In frequency domain: Sy (f) = Sx(f) - F{Cn(7)}

> Wit
F{Cn(1)} = F{h(1) x h(-7)}
= F{h(7)} - F{h(-7)}
= H(f) - H*(f) = [H(f)[]?. MASON
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Exercise: Filtered White Noise
R

o AANA o

N; __¢C Yi

O O

> Let N; be a white noise process that is input to the above
circuit. Find the power spectral density of the output

process.
» Answer:
s (f)_‘;zm_;&
T T2nfRCl 2 T 4 2nfRCP 2T e
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Signal Space Concepts — Why we Care

> Signal Space Concepts are a powerful tool for the
analysis of communication systems and for the design of
optimum receivers.

> Key Concepts:

» Orthonormal basis functions — tailored to signals of
interest — span the signal space.

» Representation theorem: allows any signal to be
represented as a (usually finite dimensional) vector

> Signals are interpreted as points in signal space.

» For random processes, representation theorem leads to
random signals being described by random vectors with
uncorrelated components.

» Theorem of Irrelavance allows us to disregrad nearly all
components of noise in the receiver.
> We will briefly review key ideas that provide underpinning
for signal spaces. MASON
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Linear Vector Spaces

» The basic structure needed by our signal spaces is the
idea of linear vector space.

» Definition: A linear vector space S is a collection of
elements (“vectors”) with the following properties:
> Addition of vectors is defined and satisfies the following
conditions for any x, y,z € S:
1. x+ y € S (closed under addition)
X+ y =y + x (commutative)
(X+y)+2z=x+(y+2) (associative)
The zero vector 0 exists and 6 € S. x4+ 0 = x for all x € S.
For each x € S, a unique vector (—x) is also in S and
X+ (—x) =0.

ok wn
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Linear Vector Spaces — continued

» Definition — continued:

» Associated with the set of vectors in S is a set of scalars. If
a, b are scalars, then for any x, y € S the following
properties hold:

1. a-xisdefinedanda-x € S.

2. a-(b-x)=(a-b)-x

3. Let 1 and 0 denote the multiplicative and additive identies of
the field of scalars, then1-x = xand 0- x = Gforallx € S.

4. Associative properties:

a- (x+y)=a-x+a-y
(a+b)-x=a-x+b-x
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Running Examples

» The space of length-N vectors RV

X1 1 X1+ Y1 X4 a- Xy
+1 | = : anda-| : | =
XN YN XN + YN XN a- xn

» The collection of all square-integrable signals over [T, Tp],
i.e., all signals x(t) satisfying

Tp
/ |x(1)|2 dt < 0.
Ta

> Verifying that this is a linear vector space is easy.
> This space is called L?(T,, Tp) (pronounced: ell-two).

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Inner Product

» To be truly useful, we need linear vector spaces to provide

> means to measure the length of vectors and
> to measure the distance between vectors.

» Both of these can be achieved with the help of inner
products.

» Definition: The inner product of two vectors x, y, € S is
denoted by (x, y). The inner product is a scalar assigned
to x and y so that the following conditions are satisfied:

1. (x,y) = (y, x) (for complex vectors (x, y) = (y, x)*)
2. (a-x,y) = a-(x,y), with scalar a

3. (x+y,z)=(x,z)+ (y, z), with vector z

4. (x,x) > 0, except when x = 0; then, (x, x) = 0.
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Exercise: Valid Inner Products?
» x,y € RN with

N
(x.y)= Z XnYn
n=1

» Answer: Yes; this is the standard dot product.
> x,y € RN with

N N
(x.y) =3 % ) ¥n
n=1 n=1

» Answer: No; last condition does not hold, which makes
this inner product useless for measuring distances.
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Exercise: Valid Inner Products?
> x(t),y(t) € L2(a, b) with

b
(x(0),y(0) = [ x(Oy(@) ot

» Answer: Yes; continuous-time equivalent of the
dot-product.
> x,y € CN with

N
(x,y) = Z XnYn
n=1

» Answer: Yes; the conjugate complex is critical to meet the
last condition (e.g., (j,j) = —1 < 0).
> x,y € RN with

N N
(x.y) =x"Ky = Z Z XnKnmYm

n=1m=1
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Exercise: Valid Inner Products?

> x,y € RN with

N
(x,y) =xTKy = Z 2K mYm

n=1m=

Mz

with K an N x N-matrix
» Answer: Only if K is positive definite (i.e., x” Kx > 0 for all

x # 0).
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Norm of a Vector

> Definition: The norm of vector x € S is denoted by | x||
and is defined via the inner product as

[Ix[F =/ (x, x).

> Notice that ||x|| > 0 unless x = 0, then ||x| = 0.
» The norm of a vector measures the length of a vector.
> For signals ||x(t)||? measures the energy of the signal.

» Example: For x € RN, Cartesian length of a vector
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Norm of a Vector — continued

» lllustration:

la- x| =/(a-x.a-x) = |al|[x]|

> Scaling the vector by a, scales its length by a.
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Inner Product Space

» We call a linear vector space with an associated, valid
inner product an inner product space.

» Definition: An inner product space is a linear vector space
in which a inner product is defined for all elements of the
space and the norm is given by ||x|| = (x, x).
» Standard Examples:
1. RN with (x,y) = Zn 1 XnYn-
2. L?(a,b) with (x(t), y(t)) fa
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Schwartz Inequality

» The following relationship between norms and inner
products holds for all inner product spaces.

» Schwartz Inequality: Forany x,y € S, where S is an
inner product space,

[ < X - vl

with equality if and only if x = ¢ - y with scalar ¢

> Proof follows from ||x + a- y||2 > 0 with a = __mg_
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Orthogonality

» Definition: Two vectors are orthogonal if the inner product
of the vectors is zero, i.e.,

(x,y) =0.

» Example: The standard basis vectors e, in RN are
orthogonal; recall

0

em=11 the 1 occurs on the m-th row
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Orthogonality

» Example: The basis functions for the Fourier Series
expansion wy,(t) € L?(0, T) are orthogonal; recall

1 )
Wm(t) - e/271mt/ T_

VT
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Distance between Vectors
» Definition: The distance d between two vectors is defined
as the norm of their difference, i.e.,
d(x.y) = x -yl
» Example: The Cartesian (or Euclidean) distance between
vectors in RV:

N
dx,y) = Ix =yl = | X_ X0 —ynl?.
n=1

» Example: The root-mean-squared error (RMSE) between
two signals in L2(a, b) is

a(x(1),y(1) = Ix() ||—\/ [ o -yopd 2o
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Properties of Distances

» Distance measures defined by the norm of the difference
between vectors x, y have the following properties:
1.d(x,y) =d(y.x)
2. d(x,y)=0ifandonlyif x =y
3. d(x,y) <d(x,z) +d(y, z) for all vectors z (Triangle
inequality)
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Exercise: Prove the Triangle Inequality
> Begin like this:
P(x,y) =[x —yl?
=[(x=2)+(z—y)
=((x=2)+(z-y). (x=2)+(z2-Y))

I?

>
Pxy)=(X—zx-2)+2(x—zz-y)+{z-y.z—y)
SX=zx=2)+2/x=zz-y)|+(z-y.2-y
(Schwartz) : < (x—z,x—z)+2||x—z||-||z—y||+(z—y,z—

= d(x,z)?+2d(x,z)-d(y,z) + d(y, 2)?
= (d(x,2) +d(y.2))*
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Hilbert Spaces — Why we Care

» We would like our vector spaces to have one more
property.
> We say the sequence of vectors {x,} converges to vector
X, if
lim ||x, — x| =0.
n—oo

> We would like the limit point x of any sequence {x,} to be
in our vector space.

> Integrals and derivatives are fundamentally limits; we want
derivatives and integrals to stay in the vector space.

> A vector space is said to be closed if it contains all of its
limit points.

» Definition: A closed, inner product space is A Hilbert
Space.
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Hilbert Spaces — Examples

» Examples: Both RN and L?(a, b) are Hilbert Spaces.

» Counter Example: The space of rational number Q is not
closed (i.e., not a Hilbert space)

> E.g.,
S
——eeéQ,
€ Q.

even though aII
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Subspaces

» Definition: Let S be a linear vector space. The space L is
a subspace of S if

1. Lis a subsetof S and
2. L is closed.

> If x,y € Lthenalso x,y, € S.
> And,a-x+b-y € L for all scalars a, b.

» Example: Let S be L2(T,, Tp). Define £ as the set of all
sinusoids of frequency fy, i.e., signals of the form
x(t) = Acos(2rtfyt +¢), with0 < A< ocand 0 < ¢ < 27
1. All such sinusoids are square integrable.
2. Linear combination of two sinusoids of frequency f; is a
sinusoid of the same frequency.

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Projection Theorem

» Definition: Let £ be a subspace of the Hilbert Space .
The vector x € ‘H (and x ¢ L) is orthogonal to the
subspace L if (x,y) = 0 for every y € L.

» Projection Theorem: Let 7 be a Hilbert Space and L is a
subspace of H.

Every vector x € H has a unique decomposition

X=y+z

with y € £ and z orthogonal to L.
Furthermore,

= — = min||X —V||.
1zIl = llx =yl = min |x - v]]

> yis called the projection of x onto L. Z
> Distance from x to all elements of £ is minimized by y. Mﬁﬂ
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Exercise: Fourier Series

> Let x(t) be a signal in the Hiloert space L2(0, T).
> Define the subspace L of signals v,(t) = Ancos(27tnt/ T)
for afixed nand T.
» Find the signal y(t) € £ that minimizes
2
oin (@) =y (DI
> Answer: y(t) is the sinusoid with amplitude

2
An== / ) cos(2rtnt/ T) ot = Z(x(t), cos(2nt/ T)).

> Note that this is (part of the trigonometric form of) the
Fourier Series expansion.

> Note that the inner product involves the projection of x(t) _ =
onto an elementof 2. A4S0 N
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Projection Theorem

» The Projection Theorem is most useful when the subspace
L has certain structural properties.
> In particular, we will be interested in the case when L is
spanned by a set of orthonormal vectors.
> Let’s define what that means.
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Separable Vector Spaces

» Definition: A Hilbert space H is said to be separable if
there exists a set of vectors {®,}, n=1,2,... that are
elements of H and such that every element x € H can be
expressed as

X = Z chpn.

n=1

» The coefficients X, are scalars associated with vectors &,
» Equality is taken to mean

o 2

X — Z Xn@n = O

n=1

lim
n—oo
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Representation of a Vector

> The set of vectors {®,} is said to be complete if the above
is valid for every x € H.

> A complete set of vectors {&®,} is said to form a basis for
H.

» Definition: The representation of the vector x (with
respect to the basis {®,}) is the sequence of coefficients
{Xn}.

» Definition: The number of vectors @, that is required to

express every element x of a separable vector space is
called the dimension of the space.

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Signal Space Concepts

00000000e00000000C

Example: Length-N column Vectors

» The space RV is separable and has dimension N.

> Basisvectors (m=1,...,N):
0
®m=en= |1 the 1 occurs on the m-th row
0

» There are N basis vectors; dimension is N.
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Example: Length-N column Vectors — continued

> (cont)
» For any vector x € RN:

X
Xo N
X = = 2 Xmem
m=1

XN

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Signal Space Concepts
0000000000800 0000C
Examples: L2

> Fourier Bases: The following is a complete basis for
L2(0, T)

Dop(t) = \/gcos(Znnt/ T)

n=20,1.2,...
(p2n+1 (t) = \/?Sin(27'(nt/ T)

> This implies that L2(0, T) is a separable vector space.
> [2(0, T) is infinite-dimensional.
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Examples: L2

> Piecewise Linear Signals: The set of vectors (signals)

L (n—N)T<t<nT
©n(t):{()ﬁ ((alse i

is not a basis for L?(0, o).
> Only piecewise constant signals can be represented.
> But, this is a basis for the subspace of L? consisting of
piecewise constant signals.
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Orthonormal Bases

» Definition: A basis for a separable vector space is an
orthonormal basis if the elements of the vectors that
constitute the basis satisfy

1. (®p, @) = 0 for all n £ m. (orthogonal)

2. ||@n|| =1, foralln=1,2,... (normalized)

> Note:

> Not every basis is orthonormal.

> We will see shortly, every basis can be turned into an
orthonormal basis.

> Not every set of orthonornal vectors constitutes a basis.

> Example: Piecewise Linear Signals.
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Representation with Orthonormal Basis

» An orthonormal basis is much prefered over an arbitrary
basis because the representation of vector x is very easy
to compute.

» The representation { X} of a vector x

x=Y XPp
n=1
with respect to an orthonormal basis {®,} is computed
using
Xn = (X, Pp).

The representation X, is obtained by projecting x onto the
basis vector @p!

> In contrast, when bases are not orthonormal, finding the
representation of x requires solving a system of linear Nf&%"dﬁ
equations.
© 2018, B.-P. Paris ECE 630: Statistical Communication Theory
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Parsevals Relationship

» Parsevals Theorem: If vectors x and y are represented
with respect to an orthonormal basis {®,} by {X,} and
{Yn}, respectively, then

(x,y) = an' Yn
n=1

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory
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Parsevals Relationship

» Parsevals theorem implies

Ix|I> =Y X3
n=1
and .
Ix—yll? =Y [Xo— Yal?
n=1

» Inner products, norms, and distances can be computed
using vectors or their representations; the results are the
same.
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Back to the Projection Theorem

» We claimed earlier that the projection theorem is
particularly useful when the subspace L is structured.

» Specifically, let £ be a subspace of S spanned by a
(usually finite) orthonormal basis {ch}N_1

> Note that {®,}N" is not a complete basis for S.
» There are x € S that cannot be represented by this basis.

» Then, the projection y € L of a vector x € S is simply

N—1
y = Z Yn@n Wlth Yn - <X| ¢n>
n=0

» Examples:
> Band-limited Fourier series expansion
> Polynomial regression with Legendre polynomials
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Exercise: Orthonormal Basis

» Show that for orthonormal basis {®,}, the representation
Xn of x is obtained by projection

(X, Pp) = Xy

» Hint: You need to find

Xn = arg n;(in [ X = Xn®n — Z Xm(pm”2

m#n

» Show that Parsevals theorem is true.
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The Gram-Schmidt Procedure

> An arbitrary basis {®,} can be converted into an
orthonormal basis {¥,} using an algorithm known as the
Gram-Schmidt procedure'

Step 1: ¥ = ||q> I (normalize @4)
Step 2 (a): 1?2 = ‘I’g — (@2 1P1> b & (make IPQ 1L 1F1)

Step 2 (b): ¥> = ””

Step k (a): ¥k = Pk — La_{(Px, ¥n) - ¥n
Step k (b): ¥y =

» Whenever ¥, = 0, the basis vector is omitted.
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Gram-Schmidt Procedure

» Note:

» By construction, {'¥'} is an orthonormal set of vectors.
> If the orginal basis {&} is complete, then {¥} is also

complete.
» The Gram-Schmidt construction implies that every @, can
be represented in terms of ¥, withm=1,..., n.
» Because

» any basis can be normalized (using the Gram-Schmidt
procedure) and

> the benefits of orthonormal bases when computing the
representation of a vector

a basis is usually assumed to be orthonormal.
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Exercise: Gram-Schmidt Procedure

» The following three basis functions are given
() = lo,1)(1)  Pa(t) = ho, (1) Pa(t) = Ii7 7(1)

where I,4)(t) = 1for a <t < b and zero otherwise.
1. Compute an orthonormal basis from the above basis
functions.
2. Compute the representation of ®,(t), n = 1,2, 3 with
respect to this orthonormal basis.
3. Compute [[®1(t)[| and || P2(t) — P3(t)]|

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Answers for Exercise

1. Orthonormal bases:

¥i (1) = \/g/[o,;](t) ¥o(t) = ?/[g,r](t)

2. Representations:

4’1:(0

N~
S~
/
N~ E\
\_/
VR

o
N~
~—
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A Hilbert Space for Random Processes

» A vector space for random processes X; that is analogous
to L2(a, b) is of greatest interest to us.

» This vector space contains random processes that satisfy,
i.e.,

b
/ E[X?] dt < .
a
» Inner Product: cross-correlation
b
E[(X, ¥i)] = E[ | XV ]

> Fact: This vector space is separable; therefore, an
orthonormal basis {&®} exists.
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A Hilbert Space for Random Processes

> (cont)
> Representation:

Xi =Y Xa@p(t) fora<t<b
n=1
with
Xn = Xt, @n(t / Xtén

> Note that X, is a random variable.
> For this to be a valid Hilbert space, we must interprete
equality of processes X; and Y; in the mean squared
sense, i.e.,

Xl‘ = Yl‘ means E[IXI — Yl‘|2] =0. Dﬁzsonc:
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Karhunen-Loeve Expansion

» Goal: Choose an orthonormal basis {®} such that the
representation { X} of the random process X; consists of
uncorrelated random variables.

> The resulting representation is called Karhunen-Loeve
expansion.

» Thus, we want

E[X,Xn] = E[Xs]E[Xm] for n# m.

© 2018, B.-P. Paris
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Karhunen-Loeve Expansion

» It can be shown, that for the representation { X} to consist
of uncorrelated random variables, the orthonormal basis
vectors {®} must satisfy

/b Ky (t, 1) - Pn(U) du = Ap®n(t)

> where Ap = Var[Xp].
» {®,} and {A,} are the eigenfunctions and eigenvalues of
the autocovariance function Kx (¢, u), respectively.
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Example: Wiener Process

» For the Wiener Process, the autocovariance function is
Kx(t, U) = R)((t, U) =2 min(t, U).

» |t can be shown that

T 2 forn=1,2,....
o
(n—g)ﬂ'
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Properties of the K-L Expansion

» The eigenfunctions of the autocovariance function form a
complete basis.

> If X; is Gaussian, then the representation { X, } is a vector
of independent, Gaussian random variables.

» For white noise, Kx(t, u) = %(SU —u). Then, the
eigenfunctions must satisfy

/ %m _ 0)d(u) du = AD(1).

> Any orthonormal set of bases {®} satisfies this condition!
» Eigenvalues A are all equal to %Q

> If X; is white, Gaussian noise then the representation { X}
are independent, identically distributed random variables.
> zero mean Z. onee
> variance % MAS

uuuuuuuuuu
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Optimum Receivers in AWGN
Channels
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A Simple Communication System

Simple Communication System

me {01} TX: s(t R; RX: me {0,1
I m—s(t) -

Source N
R — m

» Objectives: For the above system

» describe the optimum receiver and
> find the probability of error for that receiver.
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A Simple Example
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Assumptions
Noise: N;is a white Gaussian noise process with spectral
height %

An(r) = "26(x).

» Additive White Gaussian Noise (AWGN).
Source: characterized by the a priori probabilities

o =Pr{m=0} my =Pr{m=1}.

=

» For this example, will assume 7y = 711 = 5.

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



A Simple Example
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Assumptions (cont'd)

Transmitter: maps information bits m to signals:

s st st)=\/% itm=0

si(t)=—/5 ifm=1
for0<t<T.
> Note that we are considering the transmission
of a single bit.

» In AWGN channels, each bit can be
considered in isolation.
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Objective

> In general, the objective is to find the receiver that
minimizes the probability of error:

Pr{e} = Pr{m # m}
=mPr{m=1m=0}+m Pr{m=0m=1}.

> For this example, optimal receiver will be given (next slide).
» Also, compute the probability of error for the
communication system.
» That is the focus of this example.

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory
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A Simple Example Bir

Receiver
> We will see that the following receiver minimizes the

probability of error for this communication system.

Receiver

\BY
Ry
\Y%

T [ 0:
i fo.dt R<0:m=

E
x

> RX Frontend computes R = [| R/ 5 dt = (R, so(t)).
» RX Backend compares R to a threshold to arrive at

P[GEORGS
(KR

UNIVERS

decision m.
ECE 630: Statistical Communication Theory
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Plan for Finding Pr{e}

» Analysis of the receiver proceeds in the following steps:

1. Find the conditional distribution of the output R from the
receiver frontend.

» Conditioning with respect to each of the possibly transmitted
signals.

» This boils down to finding conditional mean and variance of
R

2. Find the conditional error probabilities Pr{fh = 0/m =1}
and Pr{mh = 1|m = 0}.
> Involves finding the probability that R exceeds a threshold.
3. Total probability of error:

Prie} = mgPr{im=0m=1} + 1y Pr{m=0/m=1}.

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Conditional Distribution of R

» There are two random effects that affect the received
signal:
> the additive white Gaussian noise N; and
» the random information bit m.
» By conditioning on m — thus, on s(t) — randomness is
caused by the noise only.
» Conditional on m, the output R of the receiver frontend is a
Gaussian random variable:

> N is a Gaussian random process; for given s(t),
R = s(t) + N; is a Gaussian random process.

> The frontend performs a linear transformation of R;:
R = (Rt so(1))-

» We need to find the conditional means and variances

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory
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Conditional Distribution of R
» The conditional means and variance of the frontend output

R are
No
E[Rim=0] =Ep Var[Rlm = 0] = 7Eb
E[Rim=1] = —Ep Var[R|m = 1] :%Eb

» Therefore, the conditional distributions of R are

N N,
Paim-o(r) ~ N(Eo. 32 Es)  Paim—1(r) ~ N(~Ep, - Ev)

» The two conditional distributions differ in the mean and p
have equal variances. MASON

nnnnnnnnnn
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Conditional Distribution of R

0.25 T

Paim-o(”)
—— Pgjmes )

0.05

» The two conditional pdfs are shown in the plot above, with
> Eb = 3 /G'EORGE
> % =1 MAS
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Conditional Probability of Error

Receiver

T (. 0:
Ai Jo ot R<0:m=
Ep
T

ARy
Ry
\Y

» The receiver backend decides:

. {o if R>0
1 ifR<O0
» Two conditional error probabilities:
Pr{m=0m=1} and Pr{m=1/m=0} MASON

ECE 630: Statistical Communication Theory
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Error Probability Pr{m = 0lm = 1}

» Conditional error
probability
Pr{m=0/m=1}
corresponds to
shaded area.
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Error Probability Pr{m = 1|{m = 0}

» Conditional error
probability
Pr{im=1|m=0}
corresponds to
shaded area.

Pr{m=1|m =0} = Pr{R < 0|m = 0}

0 2E,
= /_OOPR\m:o(”) ar=Q <\/ N_(;)> M

nnnnnnnnnn
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Average Probability of Error

» The (average) probability of error is the average of the two
conditional probabilities of error.
» The average is weighted by the a priori probabilities 775 and
7Tq.
» Thus,

Pr{e} = moPr{m=1m=0} + my Pr{m=0/m=1}.

» With the above conditional error probabilities and equal
priors 7o = 7Ty = 3

Pr{e} = %Q <\/?E(f) 2¢ <\/TE‘;J> - W?Eg) |

» Note that the error probability depends on the ratio %

> where E, is the energy of signals sy (t) and sy (). Feconse
> This ratio is referred to as the signal-to-noise ratio.
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Exercise - Compute Probability of Error

» Compute the probability of error for the example system if
the only change in the system is that signals sy(t) and
s1(t) are changed to triangular signals:

22 t foro<t< T
so(t) = 2A it ofor L <t< T si(t)=—so(t)
0 else
with A= /%2

Pr{e} =Q (,/Z’ﬁ;)
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Structure of a Generic Receiver

Receiver

Analog
Frontend

L
\(:D

Rio——>

Decision [—>om

» Receivers consist of:

» an analog frontend. maps observed signal R; to decision
statistic R.

> decision device: determines which symbol /h was sent
based on observation of R.

» Optimum design of decision device will be considered first.pfzzsc

UNIVERSITY
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Problem Setup

» Given: .
» arandom vector R € R” of observations and .
» hypotheses, Hy and Hy, providing statistical models for R:

Ho: R ~ pgyy (F1Ho)
Hi: R~ Payw, (F1H:)
with known a priori probabilities 7o = Pr{Hp} and
ty = Pr{H;} (1o + 11 = 1).
» Problem: Decide which of the two hypotheses is best

supported by the observation A.
> Specific objective: minimize the probability of error

Pr{e} = Pr{decide Hy when Hj is true}
+ Pr{decide H; when Hj is true}
= Pr{decide Hp|H;} Pr{H;} + Pr{decide H;|Hy} Pr{]ﬁ&;}ﬁﬁ
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Generic Decision Rule

» The decision device performs a mapping that assigns a
decision, Hy or Hy, to each possible observation R € R".
> A generic way to realize such a mapping is:

> partition the space of all possible observations, R”, into two
disjoint, complementary decision regions Iy and I7:

Iyu Ty :R”andfgﬂﬂ =Q.
> Decision Rule:

If R € I: decide Hy
If R € I'y: decide H;
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Probability of Error

» The probability of error can now be expressed in terms of
the decision regions Iy and I7:

Pr{e} = Pr{decide H0|H1} PI’{H1} + Pr{decide H; |H0} PF{HQ}
= 11 /FO Payw, (FIH1) dF + o /ﬂ Payk, (F1Ho) 7

» Our objective becomes to find the decision regions I and
I'; that minimize the probability of error.
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Probability of Error
» Since [ U Ty = R"it follows that I = R"\ Iy
Priet = [ Pay (FIHh) 07+ 70 [ Py (71Ho) oF
=70 [ Pryup (FIHo) o
+ [ iy (FIH) = 0P, (71 Ho)) 7
= o — /I_O(ﬂopﬁlHo(ﬂHo) — 701y (71Hh)) .

> Pr{e} is minimized by chosing I; to contain all 7 for which
the integrand (nopmHo (FlHy) — T Py, (F|Hq)) < 0.
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Minimum Pr{e} (MPE) Decision Rule

» Thus, the decision region I that minimizes the probability
of error is given by:

FO = {? (ﬂopmHo(ﬂHo) — 7T1pr?|H1 (?‘H1)) > O}

= {7+ opgyu, (FIHo) > 71ppy (FIHY)) |
_ {?. Peyw, (FIH:) _ @}

' Dry (F1H0) 7

» The decision region I follows

Pz ?H~|
r=rc=1%: LJ) > To
pmHo(r‘HO) us
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Likelihood Ratio
» The MPE decision rule can be written as
¢ P (RIHY) (> 22 decide H
Pk, (RIHo) | < 7 decide Ho

ys

> Notation: .
Payw, (RIH) Hi o
— > =
Pam, (RIH0) Ho ™™
» The ratio of conditional density functions
Payy, (RIH)
Pa 1, (AIHo)
/GEORGE
is called the likelihood ratio. MASoR

A(R) =
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Log-Likelihood Ratio

» Many of the densities of interest are exponential functions
(e.g., Gaussian).
» For these densities, it is advantageous to take the log of
both sides of the decision rule.
» Important: This does not change the decision rule
because the logarithm is monotonically increasing!

» The MPE decision rule can be written as:

» L(R) = In(A(R)) is called the log-likelihood ratio.
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Example: Gaussian Hypothesis Testing

» The most important hypothesis testing problem for
communications over AWGN channels is

Ho:R ~ N(rfy, 0?1
Hy:R ~ N(riy, o2 1)
» This problem arises when
> one of two known signals is transmitted over an AWGN

channel, and
> alinear analog frontend is used.

> Note that
> the conditional means are different — reflecting different
signals
> covariance matrices are the same — since they depend on
noise only.

> components of R are independent — indicating that the Masos
frontend projects A; onto orthogonal bases.
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Resulting Log-Likelihood Ratio

» For this problem, the log-likelihood ratio simplifies to

- 1 n
L(R) = 252 k;(Rk — mok)? — (Rk — mix)?

1 = — =4 —
= —2(||R— mio||? — || R — miy||?)
1 = — — —
= 5 (2(R. i — o) — (7 |2 — 7 ]1?))

> The second expressions shows that the Euclidean distance
between observations R and means r; plays a central role
in Gaussian hypothesis testing.

> The last expression highlights the projection of the
observation R onto the difference between the means m. ’““’(ﬁ
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MPE Decision Rule

» With the above log-liklihood ratio, the MPE decision rule
becomes equivalently

> either

I L H w12 — a2
o) o7 (10 LRI o
Ho 7Tq 2

> or

S He L
IR — ig|? — 20® In(7r) 2 IR — i |[2 — 202 In(7t)
0
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Decision Regions

» The MPE decision rule divides R” into two half planes that
are the decision regions I and I7.
» The dividing line (decision boundary) between the regions
is perpendicular to my — M.
> This is a consequence of the inner product in the first form
of the decision rule.
» If the priors 7ty and 7ty are equal, then the decision
boundary passes through the midpoint ’"°+m‘
> For unequal priors, the decision boundary is shlfted towards
the mean of the less likely hypothesis.
> The distance of this shift equals § = W
» This follows from the (squared) distances in the second
form of the decision rule. Misas
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Decision Regions

6 T T T T T T T T T T
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Probability of Error

> Question: What is the probability of error with the MPE
decision rule?

» Using MPE decision rule

S, N H1 rﬁ 2 _ rﬁ 2
By — ) % i (22 5 L L
Ho 774 2

> Plan:

> Find conditional densities of (R, rii; — riiy) under Hy and Hs.
» Find conditional error probabilities

/Fpﬁ“_lj(ﬂl-lj)d?fori;éj.

» Find average probability of error. D’ﬁs
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Conditional Distributions

» Since (R, iy — M) is a linear transformation and R is
Gaussian, the conditional distributions are Gaussian.

Ho: N({rlo, 1ty — 7ol |2, 02| 7 — ity )

~~

Ho o2

Hh: Nty |2 — (o, 1), 02| — 17t )
W i1
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Conditional Error Probabilities

» The MPE decision rule compares

B = f To 1|12 — || |2
R, m o) = 2 In +
< T 0> /§0 (7‘(1) 2

¥
» Resulting conditional probabilities of error

Pl’{elH} Q(,y VO) Q(||m0_m1” +0-Irl(7-c0/z:[1)
lof 20

(| Mg — iy |
— g — M |n(7'[0/7'[1)

ool —a (=) —q (Il _elntrol
{elkn} ( Om 20 [ — iy |
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Average Probability of Error
» The average error probability equals
Pr{e} = Pr{decide H0|H1} PF{H1} -+ Pr{decide H, |H0} PF{HQ}
70 (H’ﬁo —ml ‘Tlfl(ﬂo/iﬁ)) n
20 Hmo — M H

Q (||fﬁo—fﬁ1|| B U'"(ﬂo/m))

20 Imio — i |

» Important special case: o = 1 = %

|’ﬁo—'ﬁ1||)

Pr{e} =Q (' o

> The error probability depends on the ratio of
> distance between means || iy — i || Z o
> and noise standard deviation Miss N
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Maximume-Likelihood (ML) Decision Rule

» The maximum-likelihood decision rule disregards priors
and decides for the hypothesis with higher likelihood.
» ML Decision rule:

Payy (RIHh)
S >
Py (FIHO) o
or equivalently, in terms of the log-likelihood,

o Pz R|H H.
L(R) = In (M) =0

A(R) =

Prre (IHo) | B

» Obviously, the ML decision is equivalent to the MPE rule
when the priors are equal.

» In the Gaussian case, the ML rule does not require (ozonce
knowledge of the noise variance.
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A-Posteriori Probability

> By Bayes rule, the probability of hypothesis H; after
observing R is

_; i Hi
Pr{H|R =T} = —pRH((?)| ),

where px(7) is the unconditional pdf of R
pa(7 Z”lpmH TIH;).
» Maximum A-Posteriori (MAP) decision rule:

B H B
Pr{H||R =T} = Pr{Ho|R =7}
Ho

> Interpretation: Decide in favor of the hypothesis that is Loconae
more likely given the observed signal R. ~~ wovesw
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The MAP and MPE Rules are Equivalent

» The MAP and MPE rules are equivalent: the MAP decision
rule achieves the minimum probability of error.
» The MAP rule can be written as

Prith|A =7}t
Pr{Ho|B =7} b
7iPgy, (T1HI)
Pgs(F)
1Py, (F1H1) Hh
7T0PmHO (?lHO) I§0

> Inserting Pr{H;|R =7} = yields

> This is obviously equal to the MPE rule
p,l:”H1 (I’|H1) H1 7'(0 Z
Pryr, (T1Ho) 7 H0 2T 4 it
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More than Two Hypotheses

» Frequently, more than two hypotheses must be considered:

Ho: R ~ pgyyy, (FIHo)
H1Z ﬁ ~ pﬁ?|H1 (?|H1)

Hu: R ~ Py, (F1HW)

» In these cases, it is no longer possible to reduce the
decision rules to
» the computation of the likelihood ratio
» followed by comparison to a threshold
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More than Two Hypotheses

» Instead the decision rules take the following forms

» MPE rule:
arg 'e{OT.?A)EI—ﬂ /PR|H,.(| 1)
» ML rule:
m= F|H;
argl_e{OTE"A§71}pR|H(| i)
> MAP rule:

m= arg _e{omax " Pr{H;|R =T}
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More than Two Hypotheses: The Gaussian Case

» When the hypotheses are of the form H;: R ~ N(r;, 021),
then the decision rules become:
» MPE and MAP decision rules:

Mm=arg min |[F— % —20%In(m)
ie -1}

{0,...M
2oy 2 [ils
=ar max r,m) —+oc°In(m;) —
€icions M—1}< i (i) 2
> ML decision rule:
A . — — 2
m=ar min r—m;
giE{O ..... M—1}|| il
S Ll
=ar max r,mj) —
Eicion /\//—1}< i 2
/GEORGE
> This is also the MPE rule when the priors are all equal. WSON
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Take-Aways

» The conditional densities Pa, (F|H;) play a key role.
» MPE decision rule:
> Binary hypotheses:

. Pay (RIHY) H
A(R) = Ak TS 7o

pR|H (R|HO) Ho ™
» M hypotheses:

m=ar max 7Pz o (FIH;).
gie{o ..... M1 IpR‘HI.(| i)
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Take-Aways

» For the Gaussian case (different means, equal variance),
decisions are based on the Euclidean distance between
observations R and conditional means mj:

m=arg ie{omi/r\]/’_” |7 — mi]|2 — 202 In(71;)

=arg  max (%, M) +c?In(m) — 7
i€{0,...M—1} 2
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Structure of a Generic Receiver

Receiver

Analog
Frontend

L
\(:D

Rio——>

Decision [—>om

» Receivers consist of:

» an analog frontend. maps observed signal R; to decision
statistic R.

> decision device: determines which symbol /h was sent
based on observation of R.

» Focus on designing optimum frontend. Massi
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Problem Formulation and Assumptions

» In terms of the received signal R;, we can formulate the
following decision problem:

Ho: R = so(t) + N for0 <t < T
Hi: By = s1(t) + Npfor0 <t < T

» Assumptions:

> N; is whithe Gaussian noise with spectral height %
» N; is independent of the transmitted signal.

» Objective: Determine the optimum receiver frontend.
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Starting Point: KL-Expansion

» Under the i-th hypothesis, the received signal R; can be
represented over 0 < t < T via the expansion

Hi: Ry = ZR‘P/ Z(SUJFN)‘D/( t).
j=0

> Recall:
> If the above representation yields uncorrelated coefficients
R;, then this is a Karhunen-Loeve expansion.
> Since N; is white, any orthonormal basis {®;(t)} yields a
Karhunen-Loeve expansion.

> Insight:
> We can choose a basis {®;(t)} that produces a
low-dimensional representation for all signals s;(t). Masos
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Constructing a Good Basis

» Consider the complete, but not necessarily orthonormal,
basis

{So(t), S1 (t), IFo(l‘), b e (t), .. } .
where {¥;(t)} is any complete basis over 0 <t < T (e.g.,
the Fourier basis).

» Then, the Gram-Schmidt procedure is used to convert the
above basis into an orthonormal basis {qu}.
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Properties of Resulting Basis

» Notice: with this construction
> only the first M < 2 basis functions @;(t), j < M < 2 are
dependent on the signals s;(t), i < 2.
> |l.e., foreachj < M,

(si(t), @j(t)) # 0 for at least one j = 0, 1

> Recall, M < 2 if signals are not linearly independent.
> The remaining basis functions &;(t), j > M are orthogonal
to the signals s;(t), i < 2
> l.e., foreachj > M,

(si(t), ®j(t)) =0foralli=0,1
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Back to the Decision Problem

» Our decision problem can now be written in terms of the
representation

M—1 )
Ho: Re =) (soj+ N)®j(t) + Y Nij(t)
j=0 =M
M—1 ©
Hi: Re=Y (si;+ N)@i(t) + Y Niaby(t)
j=0 j=M
signal + noise noise only

sj = (si(t), (1))

where
N; = (Ny, @;(t))

> Note that N; are independent, Gaussian random variables,
N; ~ N(0, B) MASON

nnnnnnnnnn
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Vector Version of Decision Problem

> The received signal R; and its representation R = {R;} are
equivalent.

> Via the basis {®;} one can be obtained from the other.

» Therefore, the decision problem can be written in terms of
the representations

Hoiﬁzgo—l—l_\y
H1Z’_:;’=§1—|—/_\7

where

> all vectors are of infinite length,
» the elements of N are i.i.d., zero mean Gaussian,
> all elements s; with j > M are zero.
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Reducing the Number of Dimensions

» We can write the conditional pdfs for the decision problem
. M—1 00
Ho: R~ T pn(ri—so) - [ pn(ry)
j=0 j=M
. M-1 oo
Hi: R~ T en(r—si) - TTen(r)
j=0 j=M

where py/(r) denotes a Gaussian pdf with zero mean and
variance 2.
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Reducing the Number of Dimensions

» The optimal decision relies on the likelihood ratio

LR = 0 " pn(ri — sj) - HEMPN(G)
0 ,DN(f/ — 51j) Hj:MPN(rj)

/ 0 pN(rj - st)

15" on(r = s1))

» The likelihood ratio depends only on the first M dimensions
of Rl
> Dimensions greater than or equal to M are irrelevant for the
decision problem.
» Only the the first M dimension need to be computed for
optimal decisions.
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Reduced Decision Problem

» The following decision problem with M dimensions is
equivalent to our original decision problem (assumes
M = 2):

- N - -
Ho: R = <SOO) + <N0) =S5 +N~ N(So.%/)

So1

- S10 NO = Y = NO
Hi: R= + =81+ N~ N(sy, =1

» When sy(t) and sq(t) are linearly dependent, i.e.,
s1(t) = a- sp(t), then M = 1 and the decision problem
becomes one-dimensional.
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Optimal Frontend - Version 1

» From the above discussion, we can conclude that an
optimal frontend is given by.

Frontend 1

fOT dt —>°Ry

Rio—>9

fOT dt —>oR;

@1 (1) s
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Optimum Receiver - Version 1

» Note that the optimum frontend projects the received signal
R; into to signal subspace spanned by the signals s;(t).

> Recall that the first basis functions ®;(t), j < M, are
obtained from the signals.

» We know how to solve the resulting, M-dimensional
decision problem

2 So0 No - w -~ No
Hy: R = + =89+ N ~ N(Sy, =1/

- S10 NO . Y = NO
Hi: R= + =8+ N~ N(sy, =/
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Optimum Receiver - Version 1

» MPE decision rule:

1. Compute . .
L(R) = (R, — ).

2. Compare to threshold:

81112 - IISol®
2

N
7=?0|n(7fo/7f1)+

3. Decision

If L(R) > v decide s; (t) was sent.
If L(R) < 7 decide sy(t) was sent.
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00000000080

Optimum Receiver - Version 1

Optimum Receiver

R
7 at =
Rt L(/_:?) Hy Ay
o—>¢ @ > 2 Y pb—>o
Dy (1) S10 — Soo Ho
R
Jydt =
D4 (1) S11 — Sot
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Probability of Error

» The probability of error for this receiver is

o130 )

2‘/ 2 |So— S|

Q (|§0§1| B &In(no/m)

2,/M% 2 |So— sl

» For the important special case of equally likely signals:

rfe] - Q (Szofa) o(l 1)

> This is the minimum probability of error achievable by any e
receiver. e
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Optimum Receiver - Version 2

» The optimum receiver derived above, computes the inner
product

(R, 3 —3).

» By Parseval’s relationship, the inner product of the
representation equals the inner product of the signals

(R.31 —30) = (Rr s1(t) — so(t))
:/()TRt(s1(t)—so(t))dt
T T
:/o Rts1(t)dt—/0 Riso(t)) dt.

© 2018, B.-P. Paris
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Optimum Receiver - Version 2

Correlator Receiver

T
Jy ot
R (L(R)| m
ot—>0 H—> 27 —>°
—So (1) \ fo
T
Jy o
s1(t)
/GEORGE
» Correlator receiver. MAS
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essage Sequence

Optimum Receiver - Version 2a

Correlator Receiver

R L(R)| i 5
t S dt &) 2 >0
0

s1(t) = so(1)

» The two correlators can be combined into a single
correlator for an even simpler frontend.

ECE 630: Statistical Communication Theory



Optimal Receiver Frontend
000800000

Optimum Receiver - Version 3

» Yet another, important structure for the optimum receiver
frontend results from the equivalence between correlation
and convolution followed by sampling.

» Convolution:

.
y(t) = x(t) * h(t) =/0 x(T)h(t — 1) dt
> Sampleatt=T:
Y(T) = x() < h(Dlir = [ x(@A(T )t
> Letg(t) = h(T —t) (and, thus, h(t) = g(T —t)):
/OTx(t)g(t) dt = /OTX(T)h(T — ) dt = x(t) % h(t)] .

» Correlating with g(t) is equivalent to convolving with Z
h(t) = g(T —t), followed by symbol-rate sampling. MASoR
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Optimum Receiver - Version 3

Matched Filter Receiver

t=T
R — _/L* H.
t | s(T—1) (R) SN

So(T —t) Ho

L

» The filter with impulse response
h(t) = s1(T —t) — so(T — t) is called the matched filter for
s1(t) — so(1).
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Exercises: Optimum Receiver

» For each of the following signal sets:

1. draw a block diagram of the MPE receiver,

2. compute the value of the threshold in the MPE receiver,

3. compute the probability of error for this receiver for
Ty = T,

4. find basis functions for the signal set,

5. illustrate the location of the signals in the signal space
spanned by the basis functions,

6. draw the decision boundary formed by the optimum
receiver.
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On-Off Keying

» Signal set:

So(t) =0

E for0o<t<T
31(1‘):\/;

> This signal set is referred to as On-Off Keying (OOK) or
Amplitude Shift Keying (ASK).
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Orthogonal Signalling

» Signal set:

~|Irn
—_—
o
-
IN
—
IN
N~

\/5 foro<t<T

> Alternatively:

So(t) = \/gcos(anot)
s1(t) = \/gcos@nﬁ t)

with 5T and f; T distinct integers. Zeconce
> This signal set is called Frequency Shift Keying (FSK).

foro<t<T
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Antipodal Signalling
» Signal set:
E
So(t) = —\/j
’ T for0<t<T
E

> This signal set is referred to as Antipodal Signalling.
> Alternatively:

sot) = |/ 2% cos(2ntt)
= foro<t<T
s1(t) = 27_ s(2mtfyt + 77)
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®000000

Linear Receiver
» Consider a receiver with a “generic” linear frontend.

Correlator Receiver

R

R,

I at

FA T
)

9(1)

» We refer to these receivers as linear receivers because
their frontend performs a linear transformation of the
received signal. P

» Specifically, frontend computes R = (R;, g(t)). MAS6N
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Linear Receiver

» Objectives:
» derive general expressions for the conditional pdfs at the
output R of the frontend,
> derive general expressions for the error probability,
» confirm that the optimum linear receiver correlates with
g(t) = sq(t) — so (1),
> i.e., the MPE receiver is also the best linear receiver.
» These results are useful for the analysis of arbitrary linear
receivers.
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Conditional Distributions
» Hypotheses:
Ho: Rt = so(t) + Nt
H1Z Rt=S1( +Nt

signals are observed for0 <t < T.
> Priors are g and 7.

» Conditional distributions of R = (R, g(t)) are Gaussian:

Ho: R~ N((so(1), 9(1)), "2 g(1)][2
N’

t)
t)

Ho 2
N
hs B~ N((s1 (6,910, 22 g(0) )
_r
1 o2 P[/Gzoncz
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MPE Decision Rule

» For the decision problem

Ho: B~ N((so(0).9(1), 2 902
A m———

Ho (;2
Hi: R~ N % 2
1 R~ N({s1(8). 9(1), 5 19()I%)
M1 (;2
the MPE decision rule is
Hy
Rz
Ho

with
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Probability of Error

» The probability of error, assuming 7y = 74, for this
decision rule is

Pr{e} =Q (”1 20”0)

_Q(< (1)~ so(t). g <t>>)
2,/% g(1)]

» Question: Which choice of g(t) minimizes the probability
of error?
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Best Linear Receiver
» The probability of error is minimized when

(s1(t) —so(t), 9(1))

2,/%lg(1)]

is maximized with respect to g(t).
» We know from the Schwartz inequality that

(s1(t) = s0(t), g(1)) < [|s1(t) = so(B)][| - lg ()]

with equality if and only if g(t) = ¢ - (s1(t) — so(t)), ¢ > 0.
» Hence, to minimize probability of error, choose
g(t) = s1(t) — so(t). Then,

~{1s:(0) = so(0)] Is:(6) — so(0)]
Pr{e}Q( zf )Q( V2R )ms

nnnnnnnnnn

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Optimal Receiver Frontend
000000

Exercise: Suboptimum Receiver

» Find the probability of error when equally likely, triangluar
signals are used by the transmitter

2 t foro<t<?Z
So(t) = 2A it for L <t< T si(t)=—so(t)
0 else
with A= /2 and

» the receiver frontend simply integrates from0to T, i.e.,
g(t) =1,for0 <t < T and g(t) =0, otherwise.

» Answer:
3E
et =a (| 3%

nnnnnnnnnn
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Introduction

» We have focused on the problem of deciding which of two
possible signals has been transmitted.
» Binary Signal Sets
» We will generalize the design of optimum (MPE) receivers
to signal sets with M signals.
> M-ary signal sets.
» With binary signal sets one bit can be transmitted in each
signal period T.

» With M-ary signal sets, log, (M) bits are transmitted
simultaneously per T seconds.

> Example (M = 4):

00 — sp(t) 01 — s4(8)
10 — so(t) 11 — s3(t) Msas

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



M-ary Signal Sets
oe

M-ary Hypothesis Testing Problem

» We can formulate the optimum receiver design problem as
a hypothesis testing problem:

Hol Ri = So(t) + N;
H1Z R:; = S1(t)+Nt

Hu—1: Rt = sm—1(t) + N

with a priori probabilities 7r; = Pr{H;},i=0,1,..., M —1.
> Note:
> With more than two hypotheses, it is no longer helpful to
consider the (likelihood) ratio of pdfs.
> Instead, we focus on the hypothesis with the maximum a
posteriori (MAP) probability or the maximum likelihood

(ML), mzsoncz

nnnnnnnnnn
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AWGN Channels

» Of most interest in communications are channels where N;
is a white Gaussian noise process.
> Spectral height %
» For these channels, the optimum receivers can be found by

arguments completely analogous to those for the binary
case.

> Note that with M-ary signal sets, the subspace containing
all signals will have up to M dimensions.
» We will determine the optimum receivers by generalizing
the optimum binary receivers for AWGN channels.
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Starting Point: Binary MPE Decision Rule

» We have shown, that the binary MPE decision rule can be
expressed equivalently as

> either
BNg (10 | llst(D)]2 = llso(t)]2
WM&@—%M»§§m<%>+ 1O o
> or

Hy
1Rt = so()]I* = NoIn(o) = [[Rt = s1(1)[* ~ No In(rmy)
0
» The first expression is most useful for deriving the structure
of the optimum receiver.
» The second form is helpful for interpreting the decision rule _
in signal space. MAS6ON

nnnnnnnnnn
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M-ary MPE Receiver

» The decision rule

1 2 _ 2
(B (51(2) — so(8))) = Moy, (@) s 012~ sl

can be rewritten as

2, = (Rusi () + 2 n(m) -

© 2018, B.-P. Paris
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M-ary MPE Receiver

» The decision rule is easily generalized to M signals:

Zn

N

m = arg n:0m3>/\</1_1 (Ry, sp(t)) + ?0 In(7tp) — —H "(2)”

In

Ve

» The optimum detector selects the hypothesis with the
largest decision statistic Zj,.
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M-ary MPE Receiver

» The bias terms -y, account for unequal priors and for
differences in signal energy E, = ||sn(1)]|?.
» Common terms can be omitted
> For equally likely signals,

_ sl
5
» For equal energy signals,
N
Yn= ?0 In(7p)

> For equally likely, equal energy signal,

f)/n = 0 m/fissoncz
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M-ary MPE Receiver

M-ary Correlator Receiver
o Talsed
[

So(?) 1o
o—>0 arg max p—>o

2

—>@—| [ dt F>e—
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Decision Statistics
» The optimum receiver computes the decision statistics
_ llsa(®)1I?
5

» Conditioned on the m-th signal having been transmitted,

» All Z, are Gaussian random variables.
> Expected value:

Zo = (Rr. sn(t)) + % In(70)

(1)1

E(Z0| ] = (m(1), 50(1)) + 20 () — 157

» (Co)Variance:

E[ZZk|Hm] — E[Zj|Hm]E[Zk|Hm] = (s,-(t),sk(t»% e
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Exercise: QPSK Receiver

» Find the optimum receiver for the following signal set with
M = 4 signals:

sn(t) = \/$c05(2nt/T+nn/2) for0o<t<Tandn=0,...
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Decision Regions

» The decision regions I, and error probabilities are best
understood by generalizing the binary decision rule:

Hy
IRt — so(t)1 = No In(7o) 2 1R = s1(1)|12 = No In(7r1)
o

» For M-ary signal sets, the decision rule generalizes to

m= arg nzomirA/’_1 1Rt — sn(t)||? — No In(7tp).

> This simplifies to

M= i Ri — sn(t)||?

arg _ min IR —sn(D)]
for equally likely signals.

> The optimum receiver decides in favor of the signal sp(t) -
that is closest to the received signal. MAs

nnnnnnnnnn
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Decision Regions (equally likely signals)

» For discussing decision regions, it is best to express the
decision rule in terms of the representation obtained with
the orthonormal basis {®}, where

> basis signals @, span the space that contains all signals
sp(t),withn=0,...,M—1.
> Recall that we can obtain these basis signals via the
Gram-Schmidt procedure from the signal set.
> There are at most M orthonormal bases.

» Because of Parseval’s relationship, an equivalent decision

rule is
= i R—3,|?
g _qniny I1F = Sall%
where R has elements Ry = (R;, & (t)) and §, has
element s, x = (Sn(t), Pk(1)). Micsass
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Decision Regions

» The decision region I'; where the detector decides that the
n-th signal was sent is

In=A{F: ||F =35 < |[F—3m|forall m+# n}.

> The decision region I’ is the set of all points 7 that are
closer to 3y, than to any other signal point.

» The decision regions are formed by linear segments that
are perpendicular bisectors between pairs of signal points.

> The resulting partition is also called a Voronoi partition.
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Example: QPSK

08

5,0 5ot
0.6 4

0.4 4

02 4

—~ 0

-0.2F 4

041 ]

-0.6 4

5,0 55t

0.8 L L L L L L

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
(1)

sn(t) =2/ T cos(2rtfet+n-m/2+m/4),forn=0,...,3. Dﬁs

tatistical Communication Theory
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Example: 8-PSK

08|

0.6

0.4

0.2

=~ 0

-0.2

-0.4

-0.6

-0.8

4

()

sn(t) = V2/Tcos(2nfet+n-m/4),forn=0,...,7. Dﬁs

UNIVERSITY

tatistical Communication Theory



M-ary Signal Sets

00000e00000

Example: 16-QAM

s 50 50 5,0 5,0
2
1k | | | |
5,0 5500 5,000 OW0)
20
L=
b | | | |
5, () 500 5,() 5,50
2
3r 5,0 5,0 5,0 5,0
o 4 o 12
4 . |
5 4 3 2 0 2 3 4 5
IX0)

sn(t) = V2/T(A;- cos(2rtfet) + Aq - sin(27tfst)) P
with A, Ag € {3, —1,1,3). MASR
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Symbol Energy and Bit Energy

» We have seen that error probabilities decrease when the
signal energy increases.

> Because the distance between signals increase.
» We will see further that error rates in AWGN channels
depend only on
> the signal-to-noise ratio % where E, is the average energy

per bit, and
> the geometry of the signal constellation.

» To focus on the impact of the signal geometry, we will fix
either

> the average energy per symbol Es = g EM- 1 ||sn(t) |12 or

> the average energy per bit Ep = |ogffM)
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Example: QPSK

» QPSK signals are given by

sn(t) = \/2—7E_SCOS(27cht+n-7T/2—|—7T/4),fOI‘n:0 ..... 3.
» Each of the four signals s,(t) has energy

En = ||sn(1)|1? = Es.

» Hence,
> the average symbol energy is Es
> the average bit energy is £, = mgifﬁ =&
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Example: 8-PSK

» 8-PSK signals are given by
sn(t) = \/2Es/ T cos(2mfet+n-m/4),forn=0,...,7.
» Each of the eight signals s,(t) has energy

En = ||sn(1)|1? = Es.

» Hence,
> the average symbol energy is Es
> the average bit energy is E, = bg’fﬁ =5
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Example: 16-QAM

» 16-QAM signals can be written as

2E,
sn(t) =4/ TO (a - cos(2rtfet) + aq - sin(27ft))

with a;, ag € {-3,—-1,1,3}.
> There are
> 4 signals with energy (12 + 12)Ey = 2E,
> 8 signals with energy (32 12)Ey = 10,
> 4 signals with energy ((32 + 32)Ey = 18E,
> Hence,
> the average symbol energy is 10E,

. . E
> the average bit energy is £, = Wfa—G) =%
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Energy Efficiency

» We will see that the influence of the signal geometry is
captured by the energy efficiency

where dnin is the smallest distance between any pair of
signals in the constellation.
» Examples:
> QPSK: dyn = v2Es and Ep, = £, thus 17,: =

> 8-PSK: dinin = 1/ (2 — V2)Es and Ep, = £, thus
np=3-(2—+2) ~1.75.
> 16-QAM: diyin = 21/Ep and Ep, = 252, thus 17p = &.
» Note that energy efficiency decreases with the size of the _
constellation for 2-dimensional constellations. MESGN
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Computing Probability of Symbol Error

» When decision boundaries intersect at right angles, then it
is possible to compute the error probability exactly in
closed form.

> The result will be in terms of the Q-function.

> This happens whenever the signal points form a
rectangular grid in signal space.

> Examples: QPSK and 16-QAM

» When decision regions are not rectangular, then closed
form expressions are not available.
» Computation requires integrals over the Q-function.
> We will derive good bounds on the error rate for these
cases.
> For exact results, numerical integration is required.
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lllustration: 2-dimensional Rectangle
> Assume that the n-th signal was transmitted and that the

representation for this signal is 3, = (5,0, Sn1) -
» Assume that the decision region I, is a rectangle

- /
In=A{F=(ro,nr) :Sho—as < ry < Spo+ a and
Sn1— by <n< Spi+ bg}

> Note: we have assumed that the sides of the rectangle are
parallel to the axes in signal space.

» Since rotation and translation of signal space do not affect
distances this can be done without affecting the error

probability.
> Question: What is the conditional error probability,
assuming that s,(t) was sent. Masa
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lllustration: 2-dimensional Rectangle

» In terms of the random variables Rx = (R;, Pk), with
k = 0,1, an error occurs if

error event 1

(Ro < spp—ajorRy>spo+a
(Ry <sp1—byorRy >sp1+bo

~

or

\~— ~~—)

error event 2

» Note that the two error events are not mutually exclusive.

» Therefore, it is better to consider correct decisions instead,
i.e., Re Iy:

Spo— a1 < Ry < Spno + a and Sp1— by < R < Spi + bo
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lllustration: 2-dimensional Rectangle

» We know that Ry and Ry are

> independent - because @, are orthogonal
> with means s, ¢ and s, 1, respectively

> variance %
» Hence, the probability of a correct decision is

Pr{ClSn} :Pr{—a1 <Ny < az} . Pr{—b1 < N; < bg}
as

= pR0|s,, fo) drg - / Pry|s,(r1) drq

o a( ) ()
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Exercise: QPSK

» Find the error rate for the signal set
sn(t) = \/2Es/ T cos(2rtfet+n-m/2+m/4),forn=0,..., 3.

» Answer: (Recall 7p = %‘; = 4 for QPSK)

oo -aa( ) (/%)
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Exercise: 16-QAM
(Recall 7p = d'E"'" — 8 for 16-QAM)

» Find the error rate for the signal set
(ar,ag € {—3,-1,1,8})

sn(t) = /2Ey/ Ta; - cos(2mtfst) + \/2Ey/ Taq - sin(27tf,t)

> Answer: (17p = Eén =4)
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N-dimensional Hypercube

» Find the error rate for the signal set with 2N signals of the
form (bk n € {—1 1} :

sn(t) = Z bkncos(27rnt/ T),for0<t<T

» Answer:

Pr{e}:1—<1—0< ZFS ))
N

=
&
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Comparison

Symbol Error Probability

10° E
10° E
—BPSK (1,=4)
107 — QPSK (1j,=4) i
16-QAM (5,=1.6)
——— 3D-Hypercube (1=4)
10—3 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18
Eb/ND (dB)

> Better power efficiency 7p leads to better error P
performance (at high SNR). MasoR
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What if Decision Regions are not Rectangular?

» Example: For 8-PSK, the probability of a correct decision
is given by the following integral over the decision region
for so(t)

1 (x = VEs)?
Pr{c}_/o Tanz P a2

xtan(7t/8) 1 y2 4 d
/—Xtan(n/B) \/27‘CN0/ exp(_2N0/2) yax

Xtan (/8)
=1-20( )

» This integral cannot be computed in closed form.
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Union Bound

» When decision boundaries do not intersect at right angles,
then the error probability cannot be computed in closed
form.

» An upper bound on the conditional probability of error
(assuming that s, was sent) is provided by:

Prielsn} < ) Pr{|R — 3|l < [[A - 3nll[%n}

k#n
_y Q( 18 - snu)
k#n 2v/No/2
> Note that this bound is computed from pairwise error
probabilities between s, and all other signals. (seonce
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Union Bound

» Then, the average probability of error can be bounded by

(e} = T T Q<||s%nn) |

n k#n

» This bound is called the union bound; it approximates the
union of all possible error events by the sum of the
pairwise error probabilities.
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Example: QPSK
» For the QPSK signal set

sn(t) = V2Es/ T cos(2nfet+n-mt/2+m/4),forn=0,...,3

the union bound is

Pr{e} <2Q (ﬁ) +Q (,/2,505)

> Recall that the exact probability of error is
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“Intelligent” Union Bound

» The union bound is easily tightened by recognizing that
only immediate neighbors of s, must be included in the
bound on the conditional error probability.

» Define the the neighbor set Ny (sp) of s, as the set of
signals sy that share a decision boundary with signal s;,.

» Then, the conditional error probability is bounded by

Prielsp} < Y. Pr{|R—3 < |IR— 3|3}
k&N (sn)

ISk — 3n||)
_ Q(
keN% (sn) 2v/Ny/2
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“Intelligent” Union Bound

» Then, the average probability of error can be bounded by

Prie} <) mn ), Q(Hs\k/%”n).

n kENML( )

» We refer to this bound as the intelligent union bound.

> [t still relies on pairwise error probabilities.
> It excludes many terms in the union bound; thus, it is tighter.
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Example: QPSK
» For the QPSK signal set

sn(t) = V2Es/ T cos(2rifet+n-mt/2+m/4),forn=0,...,3

the intelligent union bound includes only the immediate
neighbors of each signal:

Pr{e} <2Q <\/%> .

> Recall that the exact probability of error is

re=a() (V)
N
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Example: 16-QAM

» For the 16-QAM signal set, there are
> 4 signals s; that share a decision boundary with 4
neighbors; bound on conditional error probability:

. 2F,
Prielsi} = 4Q(,/52). |
> 8 signals s that share a decision boundary with 3

neighbors; bound on conditional error probability:
Pr{e|sc} = 30(\/ N )
> 4 signals s, that share a decision boundary with 2
neighbors; bound on conditional error probability:
E
Pr{e|so} =2Q(\/ 7).
» The resulting intelligent union bound is

Pr{e} <3Q <,/2WE:> 3Q (, / gﬁg) .
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Example: 16-QAM

» The resulting intelligent union bound is

Pr{e} <3Q (”g—fg) .

> Recall that the exact probability of error is
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Nearest Neighbor Approximation

» At high SNR, the error probability is dominated by terms
that involve the shortest distance dn,;, between any pair of
nodes.

> The corresponding error probability is proportional to

Q(\/9Re)-
» For each signal s,, we count the number N, of neighbors
at distance dyn.

» Then, the error probability at high SNR can be
approximated as

a2, az
Pr{e} ~ Z Nn mm Nme( 27:'/2)
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Example: 16-QAM
> In 16-QAM, the distance between adjacent signals is
dmin = 2y/Eg; also, Ep = 3.
» There are:
> 4 signals with 4 nearest neighbors

> 8 signals with 3 nearest neighbors
> 4 signals with 2 nearest neighbors

» The average number of neighbors is N, = 3.
» The error probability is approximately,

ooy =s0 (22 5o [22).

» same as the intelligent union bound. D’ﬁs
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Example: 8-PSK

» For 8-PSK, each signal has 2 nearest neighbors at

distance dmin = 1/ (2 — V2)Es; also, Ep = .
3

» Hence, both the intelligent union bound and the nearest
neighbor approximation yield

Pr{e}%ZQ( —(22‘1\/5)’53) —20( —3(22f)Eb)

» Since, E, = 3E..
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Comparison

Symbol Error Probabilty (with bound)
3

— — BPSK (1,=4)
— — QPSK (,=4)
— — 16:0AM (,=16)
— — 8PSK(=1.76)

0 2 4 8 10
E/N, (dB)

Solid: exact Pe, dashed: approximation. For 8PSK, only approximation is shown.

» The intelligent union bound is very tight for all cases
considered here.

/G'EORGE
> It also coincides with the nearest neighbor approximation MAS
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General Approximation for Probability of Symbol Error

» From the above examples, we can conclude that a good,
general approximation for the probability of error is given by

Pr{e} ~ NninQ (M) = NminQ ( ”PEb> :

V2N, 2No

» Probability of error depends on
> signal-to-noise ratio (SNR) E,/ Ny and
» geometry of the signal constellation via the average number
of neighbors N, and the power efficiency 7p.
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Bit Errors

» So far, we have focused on symbol errors; however,
ultimately we are concerned about bit errors.

> There are many ways to map groups of log, (M) bits to the
M signals in a constellation.

» Example QPSK: Which mapping is better?

QPSK Phase || Mapping 1 | Mapping 2
/4 00 00
3rt/4 01 01
5r/4 10 11
7rt/4 11 10
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Bit Errors

> Example QPSK:

QPSK Phase || Mapping 1 | Mapping 2
/4 00 00
3r/4 01 01
571/4 10 11
7/4 11 10

» Note, that for Mapping 2 nearest neighbors differ in exactly
one bit position.
» That implies, that the most common symbol errors will
induce only one bit error.
» That is not true for Mapping 1.
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Gray Coding
» A mapping of logo(M) bits to M signals is called Gray
Coding if
> The bit patterns that are assigned to nearest neighbors in

the constelation
> differ in exactly one bit position.

» With Gray coding, the most likely symbol errors induce
exactly one bit error.

> Note that there are log, (M) bits for each symbol.

» Hence, with Gray coding the bit error probability is well
approximated by

i  _Nenin [1PEb | Omin
Pr{bit error} ~ oga (M) Q ( 2Ny ) sQ (\/2_N0> .
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[ ele}

Introduction

» We compare methods for transmitting a sequence of bits.
» We will see that the performance of these methods varies
significantly.
> New perspective:
» Focus on messages, i.e., sequences of bits
» Entire message must be received correctly
» Main Result: It is possible to achieve error free
communications as long as SNR is good enough and data
rate is not too high.
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Problem Statement

> Problem:
» K bits must be transmitted in T seconds.
> Available power is limited to P.

» Questions:

> What method achieves the lowest probability of error?
> Is error-free communications possible?
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Parameters
» Data Rate:

K
R == (bits/s
- (bitsis)
> entire transmission takes T seconds
> K bits are sent over T seconds
> implicit assumption: bits are equally likely.
> Power and energy: transmitted signal s(t) has power P

and energy E
E
2
P [

» Entire transmitted signal s(t) is of duration T.
> Note, bit energy is given by

K
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Bit-by-bit Signaling
» Transmit K bit as a sequence of “one-shot” BPSK signals.
» K = RT bits to be transmitted.
> Energy per bit £, (Ep = E).
» Consider, signals of the form

s =Y VEsseplt - k/R)
k=0

> SK € {:i:1}
> p(t) is a pulse of duration 1/R = T/K and ||p(t)||2 = 1.
> Question: What is the probability that any transmission
error occurs?
» In other words, the transmission is not received without

/GEOHGE
error. MiS

nnnnnnnnnn
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Error Probability for Bit-by-Bit Signaling

» We can consider the entire message as a single
K-dimensional signal set.

> Signals are at the vertices of a K-dimensional hypercube.

R )

(o))"

> Note, for any finite P/ Ny and R, the error rate will always
tendto1as T — oo.
» Error-free transmission is not possible with bit-by-bit
signaling.
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Block-Orthogonal Signaling
> Again,
> K = RT bits are transmitted in T seconds.
> Energy per bit £, = £.
» Signal set (Pulse-position modulation — PPM)

sk(t) = VEp(t—kT/2K) fork=0,1,... 2K 1.

where p(t) is of duration T /2K, E = KE,,, and

lp(D)][Z = 1.
> Alternative signal set (Frequency Shift Keying — FSK)

sk(t) = \/$c05(2n(f0+k/T)t) fork=0,1,...,2K —1.

> Signal set consists of M = 2K signals
» each signal conveys K bits, £
» each signal occupies one of the K dimensions. MAS

nnnnnnnnnn
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Union Bound

» The error probability for block-orthogonal signaling cannot
be computed in closed form.

> At high and moderate SNR, the error probability is well
approximated by the union bound.

» Each signal has M — 1 = 2K — 1 nearest neighbors.
» The distance between neighbors is dmin = V2E = /2KEp,.

» Union bound

Pr{ie} < (2K — 1)0( —)

PT
= (2RT—1)Q( m)
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Bounding the Union Bound

» To gain further insight, we bound

Qx) < J exp(—3/2) < exp(—3/2)

» Then,
PT
Pr{ie} < (2FT —1)Q ( —)
No
PT
< oRT -
< 27 exp( 2No
= ex (—T(i —RIn2))
= &P TN,
» Hence, Pr{e} - 0as T — ool ’
» Aslongas R < #?ﬁ; Masss:
» Error-free transmission is possible! e

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Message Sequence
000e00

Reality-Check: Bandwidth

» Bit-by-bit Signaling: Pulse-width: T/K = 1/R.
> Bandwidth is approximately equal to B = R.
> Also, number of dimensions K = RT.

> Block-orthogonal: Pulse width: T/2K = T/2RT.
» Bandwidth is approximately equal to B = 2R7/T.
» Number of dimensions is 2K = 2AT.

» Bandwidth for block-orthogonal signaling grows

exponentially with the number of bits K.

> Not practical for moderate to large blocks of bits.
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The Dimensionality Theorem

» The relationship between bandwidth B and the number of
dimensions is summarized by the dimensionality theorem:

» The number of dimensions D available over an interval od
duration T is limited by the bandwidth B

D<B-T

» The theorem implies:

> A signal occupying D dimensions over T seconds requires
bandwidth D

> =2
B_T
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An |deal Signal Set

» An ideal signal set combines the aspects of our two
example signal sets:

> Pr{e}-behavior like block orthogonal signaling
Tlinoo Pr{e} =0.
> Bandwidth behavior like bit-by-bit signaling

D
B=—-= )
T constant

» Thus, D =BT —ccas T — co.

» Question: Does such a signal set exist?
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Towards Channel Capacity

» Given:
> bandwidth B = 2, where T is the duration of the
transmission.
> power P
> Noise power spectral density %
» Question: What is the highest data rate R that allows
error-free transmission with the above constraints?
> We are transmitting RT bits
» Therefore, we need M = 277 signals.
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Signal Set

» Our signal set consists of M = 277 signals of the form

D—1
sn(t) = ) Xnkp(t—KT/D)
k=0
where
> p(t) are pulses of duration T/D, i.e., of bandwidth
B=D/T.
> Also, ||p(t)||? = 1.
> Each signal s,(t) is defined by a length-D vector
Xn= {X}n,k'
> We are looking to find M = 287 length-D vectors X that
lead to good error properties.
> Note that the signals p(t — kT /D) form an orthonormal p,
basis with D dimensions. MESGN
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Receiver Frontend

» The receiver frontend consists of a matched filter for p(t)
followed by a sampler at times kT /D.

> |.e., the frontend projects the received signal onto the
orthonormal basis functions p(t — kT /D).

» The vector R of matched filter outputs has elements
Ry = (R:,p(t—kT/D)) k=0,1,...,D—1

> Conditional on sy(t) was sent, R ~ N(Xp, Je1).

» The optimum receiver selects the signal s, that’s closest to
R.
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Conditional Error Probability

> When, the signal s, (t) was sent then R ~ N(Xp, Je /).

» As the number of dimensions D increases, tbe vector R lies
within a D-dimensional sphere with center X and radius

\V D% with very high probability: 1 — e~ 2, i.e., Pe = e P.

> Important: We allow the radius of the decoding spheres to
grow with the number of dimensions D.
» This ensures that P — 0as D = BT — oo.

» We call the spheres of radius ,/D% around each signal

point decoding spheres.

> The decoding spheres will be part of the decision regions
for each point.
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Power Constraint

» The power for signal s,(t) must satisfy
LT s = 1% el = Lixiz< p
Ton _Tk:o n,k—Tn_-

> Therefore, || X,|2 < PT
> Insights:
» The transmitted signals lie in a sphere of radius v PT.
» The observed signals must lie in a large sphere of radius

» Question: How many decoding spheres can we have and
still meet the power constraint?
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Capacity

D
» Each decoding sphere has volume Kp(1/D%) .
» The volume of the sphere containing the observed signals

D
is Kp(y/ PT + D%)

» Kp is a constant that depends only on the number of
dimensions D, e.g., K3 = 4.
» The number of decoding spheres that fit into the the power
sphere is (upper) bounded by the ratio of the volumes

D
KD(,/PT+ D%)
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Capacity
» Since the number of signals M = 2°7 equals the number

of decoding spheres, it follows that error free
communications is possible (in the limit as D = BT — o0) if

i

PTy_ Blog,(14
DNp/2’ ~— 2 %82

M = 2fT <

or

D P

> Note, if we allow complex valued signals, then

R < Blogo(1+ g )- Masox

nnnnnnnnnn
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lllustration: 2-bit Messages

» Consider two different ways of transmitting two bits:

» QPSK
» rate 2/3 block code and BPSK modulation

» Compare the probability of at least one bit error
> constant 7’%‘3
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QPSK

» We know that for QPSK

> energy efficiency 1, = 4
> (symbol) error rate

ECE 630: Statistical Communication Theory



Benefit of a Simple Code

» The block code maps two bits to sequence of three BPSK
symbols as follows:

00:{1,1,1} 01:{1,—-1,-1}
10:{=1,1,—1} 11:{=1,-1,1}

» For this signal set:
> energy efficiency 1o = 12
> (symbol) error rate

» Coding gain:
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Part IV

Complex Envelope and Linear
Modulation
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Passband Signals

» We have seen that many signal sets include both
sin(27tfet) and cos(27tft).
» Examples include PSK and QAM signal sets.
» Such signals are referred to as passband signals.
» Passband signals have frequency spectra concentrated
around a carrier frequency fc.
> This is in contrast to baseband signals with spectrum
centered at zero frequency.
» Baseband signals can be converted to passband signals
through up-conversion.

» Passband signals can be converted to baseband signals
through down-conversion.
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Up-Conversion

» The passband signal sp(t) is
V2 cos(2nfot) constructed from two (digitally
modulated) baseband signals, s(t)
t) and sq(1).

> Note that two signals can be
carried simultaneously!

sp(t) > s)(t) and sqg(t) are the in-phase
G)—' (I) and quadrature (Q)

compenents of sp(t).

» This is a consequence of
SQ(t)/X\ s;(t) cos(27fst) and
sq(t) sin(27tfst) being orthogonal
> when the carrier frequency f; is

much greater than the bandwidth
2sin(27tfet) of 5/(t) and sq(t). Missi

© 2018, B.-P. Paris
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Exercise: Orthogonality of In-phase and Quadrature
Signals

» Show that s;(t) cos(27tf;t) and sqg(t) sin(27fct) are
orthogonal when f; > B, where B is the bandwidth of s(t)
and sq(t).

» You can make your argument either in the time-domain or
the frequency domain.
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Baseband Equivalent Signals
> The passband signal sp(t) can be written as

sp(t) = V25/(t) - cos(2mfst) — V25q(t) - sin(27hst).

> If we define s(t) = s/(t) +j - sq(t), then sp(t) can also be
expressed as

sp(t) = V2 R{s(t)} - cos(2mfst) — V2 - S{s(t)} - sin(27f,t)
= V2. R{s(t) - exp(j2rfst)}.

» The signal s(t):
> is called the baseband equivalent, or the complex envelope
of the passband signal sp(t).
> It contains the same information as sp(t). P
> Note that s(t) is complex-valued. MASON

nnnnnnnnnn
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Polar Representation
» Sometimes it is useful to express the complex envelope
s(t) in polar coordinates:
s(t) = si(f) +J - sa(t)
= e(t) -exp(j6(1))

with
e(t) = \/s3(t) + s5(t)
tan0(t) = SS(/)(%)
> Also,
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Exercise: Complex Envelope

» Find the complex envelope representation of the signal

7T

Sp(t) = sinc(t/ T) cos(2rfet + 2 ).
> Answer:
it/ 4
s(t) = e/\/é sinc(t/T)
= %(sinc(t/ T)+jsinc(t/T)).

© 2018, B.-P. Paris
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lllustration: QPSK with f, =2/ T

» Passband signal (top):

S T R segments of sinusoids
o | A
sl ] with different phases.
% 0 > Phase changes occur
<05 at multiples of T.
-1 .
45 ‘ purivyvy » Baseband equivalent
L signal (bottom) is
, 200 complex valued;
y o magnitude and phase
g g 100 are plotted.
£ 1 8 50 . .
g 3 > Magnitude is constant
0% £ 5 (rectangular pulses).
% 5 T 5 10
Time/T Time/T Z
» Complex baseband signal shows symbols much more ~ MASoN
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lllustration: 16-QAM with f;, =10/T

» Passband signal (top):

T 1 1 T [ T ] segments of sinusoids
ol | with different phases.
20 " | > Phase and amplitude
£ " changes occur at

multiples of T.

Co B 0T % " » Baseband signal

5 200 (bottom) is complex
valued; magnitude and
phase are plotted.

Magnitude
© ~
Phase (degrees)
o

N

0 5 10 0 5 10 Z
Time/T Time/T Dﬁ‘s"“
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Frequency Domain

» The time-domain relationships between the passband
signal sp(t) and the complex envelope s(t) lead to
corresponding frequency-domain expressions.

> Note that

so(t) = R{s(t) - V2exp(j2rfst)}

- \/75 (s(t) - exp(j2rtfet) + s*(t) - exp(—j2mfst)) .

» Taking the Fourier transform of this expression:

Sp(f) = \/75 (S(f—1fo) + S*(=f— 1))

> Note that Sp(f) has the conjugate symmetry p
(Sp(f) = Sp(—f)) that real-valued signals must have. MASON

nnnnnnnnnn
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Frequency Domain
» In the frequency domain:

2
Sp(f) = % (S(f—1f) + S*(~f—1)).
and, thus,
S(f) = V2.-Sp(f+1;) forf+f,>0
0 else.
Sp(f) S(7)
V2 A
A ™
,// \\
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Down-conversion

V2 cos(2nlot) » The down-conversion system is the

mirror image of the up-conversion
[LPF b A1) system.

l » The top-branch recovers the
) — in-phase signal s;(t).
» The bottom branch recovers the

‘_>@—) Ralt) quadrature signal sq(t)
I

» See next slide for details.

Re(t)

—V2sin(27tfst)

© 2018, B.-P. Paris
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Down-Conversion
> Let the the passband signal sy (t) be input to
down-coverter:
sp(t) = V2(si(t) cos(2mfst) — sq(t) sin(27fst))
> Multiplying sp(t) by v/2 cos(27f,t) on the top branch yields

sp(t)-V/2 cos(2rf,t)
= 25/(t) cos?(27tfst) — 250(t) sin(27fst) cos(27f,t)
= 5/(t) + 5/(t) cos(4rfet) — sq(t) sin(4rfet).
» The low-pass filter rejects the components at +-2f; and
retains s;(t).

» A similar argument shows that the bottom branch yields
/GEORGE
SQ(t). MAS

nnnnnnnnnn
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Extending the Complex Envelope Perspective

» The baseband description of the transmitted signal is very
convenient:
> it is more compact than the passband signal as it does not
include the carrier component,
> while retaining all relevant information.

» However, we are also concerned what happens to the
signal as it propagates to the receiver.
> Question: Do baseband techniques extend to other parts
of a passband communications system?
> Filtering of the passband signal
> Noise added to the passband signal
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Complete Passband System

V2 cos(27tfst)
si(1)
X
sa(t)
X

—V2sin(27tfet)

V/2 cos(27tfst)

—V2sin(27tfet)

r(t)

ro(t)

» Question: Can the pass band filtering (hp(t)) be described
in baseband terms?

© 2018, B.-P. Paris
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Passband Filtering
> For the passband signals sp(t) and Rp(t)
re(t) = sp(t) = hp(t) (convolution)
» Define a baseband equivalent impulse (complex) response
> %2 .relationship between the passband and baseband
equivalent impulse response is

hp(t) = R{h(t) - V2exp(j2rtfst)}
» Then, the baseband equivalent signals s(t) and
r(t) = ri(t) + jro(t) are related through
s(t) * h(t)
r(t) = ————=
(t) 7

> Note the division by v/2!

< R(f) =

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Passband and Baseband Frequency Response

» In the frequency domain

f,
H(f):{ V2Hp(f+1f;) forf+1£>0

0 else.
Hp(f) = \/75 (H(f —fo) + H* (—f — f2))
Hp(f) H(f)
TVE nl
,// A \\ )
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Exercise: Multipath Channel

» A multi-path channel has (pass-band) impulse response

t)_Zak t—Tk

Find the baseband equivalent impulse response h(t)
(assuming carrier frequency f;) and the response to the
input signal sp(t) = cos(27fct).
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Passband White Noise

> Let (real-valued) white Gaussmn

V2 cos (27tfet) .
noise Np(t) of spectral helght 2 be
@_' input to the down-converter.
» Then, each of the two branches
Ne(D) produces indepent, white noise
P —

processes N(t) and Ng(t) with
spectral height %
é@_) Nolt) This can be interpreted as (circular)

complex noise of spectral height Ny.
—V2sin(27tfst)
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Complete Passband System

V2 cos(27tf,t)
si(t) /i\
N\
sa(t)

—V2sin(27tfet)

Np (1)

J sp(t) ! Rp (1)
( % J——e—{ hp(t) : ) —
()

V/2 cos(27tfst)

|

— ()

o=

—V2sin(27tfet)

» Complete pass-band system with channel (filter) and

passband noise.

© 2018, B.-P. Paris
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Baseband Equivalent System

s(1)

—

>
SE

» The passband system can be interpreted as follows to yield
an equivalent system that employs only baseband signals:
» baseband equivalent transmitted signal:
s(t) = si(t) +J- sq(t).
» baseband equivalent channel with complex valued impulse
response: h(t).
> baseband equivalent received signal:
R() = Ri(t) +]- Ro(t).
> complex valued, additive Gaussian noise: N(t) with Z e
spectral height Ny. MAS
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Generalizing The Optimum Receiver

» We have derived all relationships for the optimum receiver
for real-valued signals.
» When we use complex envelope techniques, some of our
expressions must be adjusted.
» Generalizing inner product and norm
» Generalizing the matched filter (receiver frontend)
» Adapting the signal space perspective
> Generalizing the probability of error expressions

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory
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Inner Products and Norms

» The inner product between two complex signals x(t) and
y(t) must be defined as

(x(0),y(0) = [x(0)-y* (Dt

» This is needed to ensure that the resulting squared norm is
positive and real
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Inner Products and Norms
» Norms are equal for passband and equivalent baseband

signals.
> Let
Xp(t) =R{x(t)V2 exp(j2rtfst)}
yo(t) =R{y(t)V2exp(j271ct)}
» Then,

(xp(1), yp(1)) = R{(x (1), y(1)}
= (xi(1), yi(1)) + (Xa(1), Ya(1))
» The first equation implies

Ixe(6)[2 = Ix ()12

> Remark: the factor v2in xp(t) = R{x(t)vV2exp(2ntfst)} =
ensures this equality. MASON

nnnnnnnnnn
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Receiver Frontend

> Let the baseband equivalent, received signal be
R(t) = Ri(t) + jRa(1).

» Then the optimum receiver frontend for the complex signal
s(t) = si(t) + jsq(t) will compute

R = (Rp(t),sp(t)) = R{(R(t),s(1))}
(Ri(t), si(1)) + (Ra(t), sa(t))

» The | and Q channel are first matched filtered individually
and then added together.
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Signal Space
» Assume that passband signals have the form
sp(t) = bip(t)V2E cos(2mtfst) — bop(t)V2E sin(27tf,t)

for0<t<T.
> where p(t) is a unit energy pulse waveform.

» Orthonormal basis functions are
Dy = V2p(t) cos(2mf,t) and @y = V2p(t)sin(2mhst)
» The corresponding baseband signals are
s(t) = bip(t) VE + jbap(t) VE
» with basis functions

Do =p(t) and P4 = jp(t)
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Probability of Error
» Expressions for the probability of error are unchanged as
long as the above changes to inner product and norm are
incorporated.

» Specifically, expressions involving the distance between
signals are unchanged

a (nsn - sm||)
V2N, '
» Expressions involving inner products with a suboptimal
signal g(t) are modified to

R{(Sr— Sm 9(1))}
Q( NIAEGL )
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Summary

» The baseband equivalent channel model is much simpler
than the passband model.

» Up and down conversion are eliminated.
> Expressions for signals do not contain carrier terms.

» The baseband equivalent signals are more tractable and
easier to model (e.g., for simulation).

» Since they are low-pass signals, they are easily sampled.

» No information is lost when using baseband equivalent
signals, instead of passband signals.

» Standard, linear system equations hold (nearly)

» Conclusion: Use baseband equivalent signals and
systems.
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Introduction

» For our discussion of optimal receivers, we have focused
on

> the transmission of single symbols and
> the signal space properties of symbol constellations.
> We recognized the critical importance of distance between
constellation points.
» The precise shape of the transmitted waveforms plays a
secondary role when it comes to error rates.

» However, the spectral properties of transmitted signals
depends strongly on the shape of signals.
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Linear Modulation

» A digital communications signals is said to be linearly
modulated if the transmitted signal has the form

s(t) = Y blnlp(t - nT)

where

» b[n| are the transmitted symbols, taking values from a fixed,
finite alphabet A,

> p(t) is fixed pulse waveform.

» T is the symbol period; -‘,- is the baud rate.

» This is referred to a linear modulation because the
transmitted waveform s(t) depends linearly on the symbols
b[n].
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[llustration: Linear Modulation in MATLAB

function Signal = LinearModulation( Symbols, Pulse, fsT )
% LinearModulation - linear modulation of symbols with given

% initialize storage for Signal
LenSignal = length(Symbols) *fsT + (length (Pulse))-£sT;
Signal = zeros( 1, LenSignal );

% loop over symbols and insert corresponding segment into Signal
for kk = l:length(Symbols)

ind_start = (kk-1)*£fsT + 1;
ind_end = (kk-1)x£fsT + length (Pulse);
Signal (ind_start:ind_end) = Signal (ind_start:ind_end) +
Symbols (kk) = Pulse;
end
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Example: Baseband Line Codes

Unipolar NRZ
T T T

1k — 4

0.8 B

0.6 ~

0.4 -

0.2 4

or 4

Amplitude

-02F 4

0.4} 4

-06 B

08} 4

-1

0 1 2 3 4 5 6 7 8 9 10
Time/T

» Unipolar NRZ (non-return-to-zero) and Manchester ,
encoding are used for digital transmission over wired Masss
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Passband Linear Modulation

» Linearly modulated passband signals are easily described
using the complex envelope techniques discussed
previously.

» The baseband equivalent signals are obtained by linear
modulation

s(t) = Y_ blnlp(t - nT)

where
> p(t) is a baseband pulse and
» symbols b[n] are complex valued.
> For example, M-PSK is obtained when b[n] are drawn from
the alphabet is A = {exp(227)}, with n=0,1,..., M — 1.
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[llustration: QPSK with f. = 3/ T and Half-Sine Pulses

> Passband signal (top):
N Y N R R segments of
ANt filiaY h pulse-shaped sinusoids
y IV \ V with different phases.
> Phase changes occur
NI at multiples of T.
cor ot e 07 2 2 % » Baseband equivalent
signal (bottom) is

N

o -
= T

Amplitude

1.5 200
o complex valued;
g 1 g 10 magnitude and phase
5., EA are plotted.
' L » Magnitude reflects
ok - J ool : o pulse shape.
Time/T Time/T /GEOME
> Pulse shape: p(t) = v/2/Tsin(nt/T), for0 <t < T. MASoN
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Spectral Properties of Digitally Modulated Signals

» Digitally Modulated signals are random processes - even
though they don’t look noise-like.

» The randomness is introduced by the random symbols
bin].

» We know from our earlier discussion that the spectral
properties of a random process are captured by its power
spectral density (PSD) Ss(f).

» We also know that the power spectral density is the Fourier
transform of the autocorrelation function Rs(7)

Rs(7) <> Ss(f).
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PSD for Linearly Modulated Signals
» An important special case arises when the symbol stream
bln]
> is uncorrelated, i.e.,

2 J—
Elbln)b" [m]] = {E[Ib[nn | wena—n

> has zero mean, i.e., E[b[n]] = 0.
» Then, the power-spectral density of the transmitted signal
is
E[|b|n
e(f) = E1PII gy
where p(t) <> P(f) is the Fourler transform of the shaping
pulse.

> Note that the shape of the spectrum does not dependon =
the constellaton. ~ [IASO N
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Exercise: PSD for Different Pulses

» Assume that E[|b[n]|?] = 1; compute the PSD of linearly
modulated signals (with uncorrelated, zero-mean symbols)
when

1. p(t) =+/1/Tfor0 <t < T. (rectangular)

2. p(t) =+/2/Tsin(mt/T) for0 < t < T. (half-sine)
> Answers:

1. Ss(f) = sinc?(fT)

2
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Comparison of Spectra

20

-25

s, (T
°
o
S,(0/T (dB)

-30

-35

-40

45

-50

» Rectangular pulse has narrower main-lobe.
» Half-sine pulse has faster decaying sidelobes (less
adjacent channel interference). P
> In general, smoother pulses have better spectra. MASON
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Measures of Bandwidth

» From the plot of a PSD, the bandwidth of the signal can be
determined.
» The following three metrics are commonly used:
1. 3dB bandwidth
2. zero-to-zero bandwidth
3. Fractional power containment bandwidth
» Bandwidth is measured differently for passband signals
and baseband signals:
1. For passband signals, the two-sided bandwidth is relevant.
2. For baseband signals, the one-sided bandwidth is of
interest.
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3dB Bandwidth

» For symmetric spectra
with maximum in the
center of the band
(f = 0), the two-sided
3dB-bandwidth BgdB is

defined by
Bsgg,  Ss(0)
Ss(=5 ) ==
_ Bsds
=S(=5)
> For rectangular pulse, Bygg ~ 2£8.
> For half-sine pulse, Bygg ~ 148. Masss
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Zero-to-Zero Bandwidth

» The two-sided zero-to-zero
bandwidth By is the
bandwidth between the two
two zeros of the PSD that are
closest to the peak at f = 0.

» In other words, for symmetric
spectra

Ss(l)ﬂ' (dB)

» For rectangular pulse, By.g =
> For half-sine pulse, Bpo=%. AN

~
2,
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Fractional Power-Containment Bandwidth

» Fractional power-containment bandwidth B, is the width of
the smallest frequency interval that contains a fraction - of
the total signal power.

> Total signal power

2 2 00
P, — M/or |p(t)|2dt=an]|]/_w|P(f)|2df-

» For symmetric spectra, fractional power-containment
bandwidth B, is defined through the relationship

/ \P()[? df = 7/ ()2 df
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[llustration: 95% Containment Bandwidth

» The horizontal lines
Tt T correspond to (1 —)/2
I and1—(1—1)/2(i.e.,
2.5% and 97.5%,
respectively, for
v =95%).
» For half-sine pulse,
Bos, approx 142,

> For rectangular pulse,
3.4
Bosv, approx =+
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Full-Response and Partial Response Pulses

» So far, we have considered only pulses that span exactly
one symbol period T.

» Such pulses are called full-response pulses since the entire
signal due to the n-th symbol is confined to the n-th symbol
period.

> Recall that pulses of finite duration have infinitely long
Fourier transforms.

» Hence, full-response spectra are inherently of infinite
bandwidth - the best we can hope for is to concentrate
power in a narrow band.

» We can consider pulses that are longer than a symbol
period.

» Such pulses are called partial-repsonse pulses.

> They hold promise for better spectral properties.

> But, they cause self-interference between symbols (ISI) Z
unless properly designed. MASON

uuuuuuuuuu
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How not do partial-response signalling

» The pulse are

, R iR , rectangular pulses

i ] spanning 3 symbol
periods.

» The transmitted
information symbols are
no longer obvious.

» An equalizer would be

needed to “untangle” the
symbol stream.

o
o
T

Amplitude
S
T

o
o
T

© 2018, B.-P. Paris



Spectrum of Digitally Modulated Signals
[e]e] lelelelele]le]e]

Nyquist Pulses

> To avoid interference at sampling times t = kT, pulses p(t)
must meet the Nyquist criterion

1 form=0
mT) =
p(mT) {0 form#0

» With this criterion, samples of the received signal at times
t = KT satisfy

s(kT) =) _b[n]p(kT — nT) = bk].

> Attimes t = kT, there is no interference!
» Pulses satisfying the above criterion are called Nyquist
pulses. MASON

nnnnnnnnnn
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Frequency Domain Version of the Nyquist Criterion

» In the time-domain, Nyquist pulses (for transmitting at rate

1/ T) satisfy
1 form=0
p(mT) =
0 form#0
» An equivalent, frequency-domain criterion is

) P(f+;) =T forallf.

k=—o0

© 2018, B.-P. Paris ECE 630: Statistical Communication Theory



Spectrum of Digitally Modulated Signals
[e]e]ele] lelele]le]e]

Example: Pulses with Trapezoidal Spectrum

» The pulse
p(t) =sinc(t/T)-sinc(at/T)

is a Nyquist pulse forrate 1/T.

» The parameter a (0 < a < 1) is called the excess
bandwidth.

» The Fourier transform of p(t) is

T for |f| < L2
P(f) = TURa 2T for 1oa < |f] < 142
0 for |f| > L2
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Example: Pulses with Trapezoidal Spectrum

1 T

0.8
0.6

Z 04

- 0
Time (V/T)

L L L L L L L
-2 -1.5 -1 -0.5 0 0.5 1 15 2
Frequency (fT)

> The Trapezoidal Nyquist pulse has infinite duration and ist
strictly bandlimited! Masss
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Linear Modulation with Trapezoidal Nyquist Pulses

Unipolar NRZ

Amplitude

» With the Trapezoidal Nyquist pulse, at every symbol instant
t = nT there is no ISI: s(nT) = b|n].

» No ISI and stricly band-limited spectrum is achieved by 2
Nyquist pulses. MAS6N
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Raised Cosine Pulse

» The most widely used Nyquist pulse is the Raised Cosine

Pulse:
t cos(rtat/T)

p(t) = sinc(?)m.

with Fourier Transform

T for |f| < 12
P(f) = ¢ & [1 +cos(T (If| = '5))] for i5# < [f] < 3¢
0 for |f] > 12
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Example: Pulses with Trapezoidal Spectrum

1

0.8
0.6
£ 04
0.2
0

0.2
5

Time (¥/T)

0.8
__06

® 04
02

. 0
Frequency (fT)

> The raised cosine pulse is strictly bandlimited! Mjs
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Root-Raised Cosine Pulse

» The receiver needs to apply a matched filter.

» For linearly modulated signals, the matched filter is the
pulse p(t).

> p(t) = p(—t) for symmetric pulses.

» However, when the symbol stream is passed through the
filter p(t) twice then the Nyquist condition no longer holds.

> p(t) *p(t) is not a Nyquist pulse.

» The root-raised cosine filter has a Fourier transform that is
the square-root of the Raised Cosine pulse’s Fourier
transform.

> |t is strictly band-limited and the series of two
root-raised-cosine filters is a Nyquist pulse.
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